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Extending Homomorphism Theorem to Multi-Systems 


Linfan MAO 


(Chinese Academy of Mathematics and System Science, Beijing 100080, P.R.China) 


E-mail: maolinfan@163.com 


Abstract: The multi-laterality of WORLD implies multi-systems to be its best candidate 
model for ones cognition on nature, which is also included in an ancient book of China, 
TAO TEH KING written by Lao Zi, an ancient philosopher of China. Then how it works 
to mathematics, not suspended in thought? This paper explains this action by mathematical 
logic on mathematical systems generalized to Smarandache systems, or such systems with 
combinatorial structures, i.e., combinatorial systems, and shows how to extend the homo- 
morphism theorem in abstract algebra to multi-systems or combinatorial systems. All works 
in this paper are motivated by a combinatorial speculation of mine which is reformed on 


combinatorial systems and can be also applied to geometry. 
Key Words: Homomorphism theorem, multi-system, combinatorial system. 


AMS(2000): 05E15, 08A02, 15A03, 20E07, 51M15. 


§1. Introduction 


The WORLD is a multi-lateral one. The entirely realization on WORLD is very difficult for 
the limitation of mankind on the earth. In Fig.1.1, it is shown part of the WORLD by eyes of 
a man on the earth. 


Fig.1.1 
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The multi-laterality of the WORLD implies multi-systems to be its best candidate model 
for ones cognition on nature. This is also included in a well-known Chinese ancient book TAO 
TEH KING written by LAO ZI. In this book, only with nearly 5000 words, we can find many 
sentences for cognition of our world, such as those of the following (see [5] for details), each of 
them is explained by a concrete figure. 

SENTENCE 1. All things that we can acknowledge is determined by our eyes, or ears, or 


nose, or tongue, or body or passions, t.e., these siz organs. Such as those shown in Fig.1.2. 


unknown 


known part 


by ones six organs 


unknown 


Fig.1.2 


SENTENCE 2. The Tao gives birth to One. One gives birth to Two. Two gives birth to 
Three. Three gives birth to all things. All things have their backs to the female and stand facing 


the male. When male and female combine, all things achieve harmony. Shown in Fig.1.3. 


C+H)H 
OKO 
Cay— 


[-anknown-+——— theoretically deduced + 


Fig.1.3 


SENTENCE 3. Mankind follows the earth. Earth follows the universe. The universe follows 
the Tao. The Tao follows only itself. Such as those shown in Fig.1.4 


: : : | . 


Fig.1.4 
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SENTENCE 4. Have and Not have exist jointly ahead of the birth of the earth and the sky. 
This means that any thing have two sides. One is the positive. Another is the negative. We 
can not say a thing existing or not just by our six organs because its existence independent on 
our living. 

What can we learn from these words? How can we apply them in mathematics of the 21st 
century? All these sentences mean that our world is a multi-one. For characterizing its behavior, 
We should construct a multi-system model for the WORLD, also called parallel universes ([23]), 
such as those shown in Fig.1.5. 


known part now 


Fig.1.5 


Whence, it is a Smarandache multi-system with a combinatorial structure G, i.e., a combina- 


torial system GG. 

In this paper, we will characterize such systems, and generalize the well-known homomor- 
phism theorem in group theory to multi-systems, particularly, to multi-groups, multi-rings and 
multi-modules (see [11] — [14] for details). In the remain part of this section, we recall some 
terminologies in mathematical logic and define what is a mathematical system. These Smaran- 
dache systems and combinatorial systems are introduced in Section 2. After that, we show how 
to generalize the homomorphism theorem of groups to multi-systems in the following sections. 
Terminologies and notations not defined here follow the reference [1], [18], [24] for algebra, [2], [3] 
and [7] — [9] for graphs. 

A proposition p on a set d is a declarative sentence on elements in » that is either true or 
false but not both. The statements it is not the case that p and it is the opposite case that p 
are still propositions, called the negation or anti-proposition of p, denoted by non-p or anti-p, 
respectively. Generally, non — p # anti— p. The structure of anti-p is very clear, but non-p is 
not. An oppositive or negation of a proposition are shown in Fig.1.6(1) and (2). 


non-p 


Pe a 
“a 


non-p 


Fig.1.6 
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A proposition and its non-proposition jointly exist in the world. Its truth or false can be 
only decided by logic inference, independent on one knowing it or not. 
A norm inference is called implication. An implication p — q, 1.e., if p then q, is a propo- 


sition that is false when p is true but q false and true otherwise. There are three propositions 


related with p — q, namely, g — p, -q — =p and ap > -<9, called the converse, contrapositive 
and inverse of p — q. Two propositions are called equivalent if they have the same truth value. 
It can be shown immediately that an implication and its contrapositive are equivalent. This 
fact is commonly used in mathematical proofs, i.e., we can either prove the proposition p — q 
or =q — 7p in the proof of p — q, not the both. 

A rule on a set © is a mapping 


uxMer XVOD 
ee” 


n 

for some integers n. A mathematical system is a pair (©;R), where ¥ is a set consisting 
mathematical objects, infinite or finite and R is a collection of rules on U by logic providing all 
these resultants are still in 4, i-e., elements in © is closed under rules in FR. 

Two mathematical systems (1; R1) and (2; R2) are isomorphic if there is a 1—1 mapping 
w:%,— No such that for elements a,b,---,c € U4, 

w(Ri(a, b, ae se) = R2(w(a), w(d), ae ,w(c)) € he. 
Generally, we do not distinguish isomorphic systems in mathematics. Examples for math- 


ematical systems are shown in the following. 


Example 1.1 A group (G;0) in classical algebra is a mathematical system (Sc; Rac), where 
“eG = Gand 


Re = { RY; RY, RF}, 
with 
RE: (roy)oz=x20(yoz) for Vz, y,z € G; 
R§: there is an element 1g € G such that xo 1g = = for Vx € G; 


R§: for Vx € G, there is an element y,y € G, such that roy = lg. 


Then, the well-known homomorphism theorem of groups is restated in the next. 


Homomorphism Theorem Leto :G— G' be a homomorphism from groups G to G’. Then 


G/Kero = G’. 


Example 1.2 A ring (R;+,0) with two binary closed operations +, ois a mathematical system 
(=;R), where © = Rand R= {Ri; Ro, Rs, Ry} with 

Ry: «+y,coye€ R for Va,y € R; 

Ra: (R;+) is a commutative group, ie., c+ y=y+a for Va,y © R; 

Rs: (R;0) is a semigroup; 
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Ry: co(yt+z)=xoy+aozand (t#+y)oz=x0z+yoz2 for Va,y,z€ R. 


Example 1.3 An Euclidean geometry on the plane R? is a a mathematical system (Ug; Rz), 
where Uz = {points and lines on R?} and Rg = {Hilbert’s 21 axioms on Euclidean geometry}. 


A mathematical (X;7) can be constructed dependent on the set © or on rules R. The 
former requires each rule in R closed in ©. But the later requires that R(a, b,--- ,c) in the final 
set - which means that © maybe an extended of the set ©. In this case, we say ¥ is generated 
by ¥ under rules R, denoted by (%; 7). 


§2. Combinatorial System 


By the view of LAO ZHI in Section 1, we should construct such mathematical systems (H; R) 
for the WORLD in which a proposition with its non-proposition validated turn up in the set &, 
or invalidated but in multiple ways in 4, which is a Smarandache system defined in the next. 


Definition 2.1 A rule in a mathematical system (%;R) is said to be Smarandachely denied if 
it behaves in at least two different ways within the same set \, i.e., validated and invalided, or 
only invalided but in multiple distinct ways. 

A Smarandache system (X;R) is a mathematical system which has at least one Smaran- 
dachely denied rule in R. 


Definition 2.2 For an integerm > 2, let (%1;R1), (Ho; R2), +++, (mj Rm) be m mathematical 


systems different two by two. A Smarandache multi-space is a pair (=; R) with 


Certainly, we can construct Smarandache systems by applying Smarandache multi-spaces, 
particularly, Smarandache geometries ((4], [7]-[17]). 

These Smarandache systems (;7) defined in Definition 2.1 consider the behavior of a 
proposition and its non-proposition in the same set © without distinguishing the guises of these 
non-propositions. In fact, there are many appearing ways for non-propositions of a proposition 
in &. For describing their behavior, the combinatorial systems are needed. 


Definition 2.3 A combinatorial system GG is a union of mathematical systems (1; R1),(H2; R2), 


+++, (SmjRm) for an integer m, i.e., 
with an underlying connected graph structure G, where 
V(G) = {X4, de, eta , Um}, 
E(G) = { (Si, By) | Ey AOS 4,7 < mh. 
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Unless its combinatorial G structure, these cardinalities |; (],|, called the coupling con- 
stants in a combinatorial system GG also determine its structure if U;()X; 4 0 for integers 
1 <i,j <m. For emphasizing its coupling constants, we denote a combinatorial system @@ by 
Cally, 1 <i,9 < m) if ly = |i) ¥,| 4 0. 

Let ey and ey) be two combinatorial systems with 


n n 


1 1 1 2 2 2 
ve SUE UR 2 = ery UR). 
i=1 i=1 i=1 i=1 
A homomorphism @ : CH) = ee is a mapping 7: U mM) -U ne) anda: U RY) = 
i=1 i=1 i=1 


RY) such that 
1 


i= 


for Va, b € se, 1<i<™m, where aly, denotes the constraint mapping of @ on the mathemat- 


5, (aR) = @ (RM ao 


(ov) 


hy (a)w 


ical system (4;,R;). Further more, if a: 6) _ ae is a 1 — 1 mapping, then we say these 
CH and CY are isomorphic with an isomorphism @ between them. 

A homomorphism a : oy = CD) naturally induces a mappings w|g on the graph Gy 
and G2 by 


wmla:V(Gi) = w(V(G1)) C V(G2) and 
wale : (X;, 45) € B(G1) > (w(X4), w(;)) € E(G2),1 < i,j Sm. 

With these notations, a criterion for isomorphic combinatorial systems is presented in the 
following. 
Theorem 2.1 Two combinatorial systems ey and CY) are isomorphic if and only if there is 
al—1 mapping w: CH => €2) such that 

(¢) @l,@ ts an isomorphism and @|,«)(x) = Bly) (x) for Va € Sie l<ij<m; 

(it) alg: Gi > Gg is an isomorphism. 

Proof lfw: oy) = CL) is an isomorphism, considering the constraint mappings of @ on 
the mathematical system (4;,7;) for an integer i,1 <7 <m and the graph ea then we find 


isomorphisms @|,<1) and aq. 


Conversely, if these isomorphism o|,.),1 <i < m and wg exist, we can construct a 
mapping w: CH = CD) by 
w(a)=o|y,(a) if a€ 4; and w(c)=aly,(0) if 0 Ril <i<m. 
Then we know that 


2, (aR{b) =a 2, (Ri”)o 


WW 


for Va,b € aha 1 <i < _m by definition. Whence, @ : oo => 2) is a homomorphism. 
Similarly, we can know that aw! : ee = ey is also an homomorphism. Therefore, @ is an 


dG (a)o 
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isomorphism between Ey and e’. 


For understanding well the multiple behavior of the WORLD, namely, its overlap and 
hybrid, a combinatorial system should be constructed. Then what is its relation with classical 
mathematical sciences? What is its developing way for mathematical sciences? I have presented 
an idea of combinatorial notion in Chapter 5 of [7], then stated formally as the combinatorial 
conjecture for mathematics in [10] and [16], the last was reported at the 2nd Conference on 
Combinatorics and Graph Theory of China in 2006. 


Combinatorial Conjecture Any mathematical system (X;R) is a combinatorial system 
Ca(liz,1 < 4,9 < m). 


This conjecture is not just like an open problem, but more like a deeply thought, which 
opens a entirely way for advancing the modern mathematics. Here, we need further clarification 


for this conjecture. In fact, it indeed means combinatorial notions following for researchers. 
(1) There is a combinatorial structure and finite rules for a classical mathematical system, 
which means one can make combinatorialization for all classical mathematical subjects. 


(2) One can generalizes a classical mathematical system by this combinatorial notion such 
that it is a particular case in this generalization. 


(3) One can make one combination of different branches in mathematics and find new 


results after then. 


Whence, a mathematical system can not be ended if it has not been combinatorialization 
and all mathematical systems can not be ended if its combinatorialization has not completed 
yet. The reader can applies this combinatorial notion to all of his research work, and then finds 
his combinatorial fields. 


§3. Algebraic Systems 


Let (#;0) be an algebraic system and ¥ C &, if (¥;0) is still an algebraic system, then we call 
it an algebraic sub-system of (2&;0), denoted by B < &. Similarly, an algebraic sub-system is 
called a subgroup if it is group itself. 

Let (/;0) be an algebraic system and #4 < &. For Va € &, define a coset ao Y of Bin 
Al by 


acB={aoblvoe F}. 
Define a quotient set G = &/¥ consists of all cosets of Z in # and let R be a minimal set 
with G = {ro Alr © R}, called a representation of G. Then 
Theorem 3.1 If (¥;0) is a subgroup of an associative system (&;0), then 
(i) for Va,bE A, (ac B)N(bo B) =9 oraoB=dboZ, i.e., © is a partition of A; 


(it) define an operation e on © by 
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(ao B)e(boB)=(a0b)o, 


then (G;e) is an associative algebraic system, called a quotient system of & to B. Particularly, 
if there is a representation R whose each element has an inverse in (&;0) with unit Ly, then 


(G;e) is a group, called a quotient group of & to ZB. 


Proof For (i), notice that if 


(ao B)N(boB) #0 


for a,b € &, then there are elements cy,co € A such that aoc, = boc,. By assumption, 
(¥;0) is a subgroup of (./;0), we know that there exists an inverse element cj’ € Y, ice., 
a=boc,oc;,". Therefore, we get that 


acoB = (bococy )oB 
= {(bococ')ocvceEe B} 
= {bocce B} 
= boB 


by the associative law and (¥;0) is a group gain, ie., (ao B)N(bof) =) oracB=boSZ. 
By definition of e on G and (i), we know that (G; e) is an algebraic system. For Va, b,c € &, 
by the associative laws in (.7;0), we find that 


((acoB)e(boB)je(cof) = ((acb)oP)e (co) 
(aob)oc)oB=(aol(boc)/oB 
ao B)o((boc)o) 

ao B)e((bo B)e(co)). 


( 
( 
( 
( 


Now if there is a representation R whose each element has an inverse in (.#;0) with unit 
1., then it is easy to know that 1, o Z is the unit and a! o ¥ the inverse element of ao B 


in G. Whence, (G;e) is a group. 


Corollary 3.1 For a subgroup (¥;0) of a group (@;0), (G;e) is a group. 
Corollary 3.2(Lagrange theorem) For a subgroup (¥;0) of a group (&;0), 
|A| | |1. 
Proof Since ac cy = a0 c2 implies that c, = cz in this case, we know that 


lac Bl =|B| 
for Va € &. Applying Theorem 2.2.4(i), we find that 
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IZ = So ro Bl = (RAI, 
reR 


for a representation R, i.e., |A| | ||. 


Although the operation e in G is introduced by the operation o in &, it may be e # o. 
Now if e = 0, ie., 
(ac B)0 (bo B) =(acb)o%, =i) 


the subgroup (4;0) is called a normal subgroup of (4;0), denoted by 4 <I &. In this case, if 
there exist inverses of a,b, we know that 


Bob. B=boB 


by product a~! from the left on both side of (3 — 1). Now since (¥;0) is a subgroup, we get 
that 


bo Bob=&, 


which is the usually definition for a normal subgroup of a group. Certainly, we can also get 


bo B=Bob 


by this equality, which can be used to define a normal subgroup of a algebraic system with or 
without inverse element for an element in this system. 

Now let @ : & — & be a homomorphism from an algebraic system (.%;01) with unit 
lw, to (302) with unit 1y,. Define the inverse set ~~ '(a2) for an element az € & by 


w '(az) = {a, € &A|w(a1) = ag}. 


Particularly, if az = 1.y,, the inverse set @~!(1.y,) is important in algebra and called the kernel 

of @ and denoted by Ker(@), which is a normal subgroup of (;01) if it is associative and 

each element in Ker(@) has inverse element in (.%;01). In fact, by definition, for Va, b,c € &G, 

we know that 

(1) (aob)oc=ao (boc) € Ker(a@) for w((a0b) oc) = waco (boc) =1aw; 

(2) la, € Ker(w) for w(1a,) = 1a; 

(3) a~! € Ker(a) for Va € Ker(a) if a~ exists in (M4; 01) since w(a~!) = w1(a) = 1a; 

(4) ao Ker(w) = Ker(@) oa for 
w(ao Ker(w)) = w(Ker(w) 0 a) = w'(w(a)) 


by definition. Whence, Ker(q@) is a normal subgroup of (4; 01). 


Theorem 3.2 Let w7:& — & be an onto homomorphism from associative systems (GH; 0) 
to (302) with units 1aw,, le. Then 
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ch, [Ker(a) © (0502) 
if each element of Ker(@) has an inverse in (%;01). 
Proof We have known that Ker(@) is a subgroup of (4;0,). Whence #/Ker(@) is a 
quotient system. Define a mapping ¢ : 4 /Ker(w) — & by 
¢(a.01 Ker(w)) = w(a). 


We prove this mapping is an isomorphism. Notice that ¢ is onto by that @ is an onto homo- 
morphism. Now if ao; Ker(w) 4 bo; Ker(w), then w(a) # w(b). Otherwise, we find that 
ao, Ker(w) = bo; Ker(@), a contradiction. Whence, ¢(a 0; Ker(@)) # ¢(b01 Ker(@)), i.e., ¢ is 
a bijection from &/Ker(@) to &. 


Since @ is a homomorphism, we get that 


¢((a 01 Ker(@)) 01 (bo; Ker(aw))) 
= ¢(a 0, Ker(a)) 02 ¢(b 01 Ker(a)) 


= (a) o2 w(b), 


i.e., ¢ is an isomorphism from &/Ker(@) to (24; 02). 


Corollary 3.3 Let @:& — & be an onto homomorphism from groups (A301) to (a; 02). 
Then 


A, /[Ker(w) = (2302). 


§4. Multi-Operation Systems 


A multi-operation system is a pair (77;O) with a set # and an operation set 
O={o)1<i<} 


on # such that each pair (#7; 0,;) is an algebraic system. A multi-operation system (#”; O) is 
associative if for Va, b,c € H, Yo, 02 € O, there is 


(ao, b) ogce=a0 (bog c). 


Such a system is called an associative multi-operation system. A multi-operation system (#”; O) 
is distributive if O = O, UO, with 01; N Oz = 0 such that 


a0, (bog c) = (a0 b) og (4.04 c) and (b 02 €) 01 a = (boy a) 02 (C01 a) 


for Va,b,c € # and Vo; € Oj, 02 € Og. Denoted such a system by (#7; 01 — Oz). 

Let (7,0) be a multi-operation system and Y C #, Q c O. If (G:Q) is itself a 
multi-operation system, we call (4: Q) a multi-operation subsystem of (#,0)), denoted by 
(Y:Q) = (#,0). In those of subsystems, the (¥;O) is taking over an important position in 


the following. 
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Assume (Y; O) ~< (3,0). For Va € # and 0; € O, where 1 <2 <1, define a coset ao; Y 


by 
ao;Y = {ao; b| for Vb € F}, 
and let 
KH = U ao, 
a€R,o€PCO 


Then the set 


DQ={a0Glac Roe Pco} 


is called a quotient set of Y in H# with a representation pair (R, P), denoted by aoe 
Two multi-operation systems (#4; O01) and (#4; Oz) are called homomorphic if there is a 


mapping w : #, > £ with w : O; — Oz such that for a,,b; € MH and o; € Or, there exists 
an operation 02 = w(0,) € Og enables that 


w(a1 01 b1) = w(a1) o2 w(b1). 
Similarly, if w is a bijection, (4; O71) and (44; Oz) are called isomorphic, and if 4 = 44 = 7, 


w is called an automorphism on #. 


Theorem 4.1 Let (#, O) be an associative multi-operation system with a unit 1, for Yo € O 


andG C #. 


(i) IfG is closed for operations in O and for Va € G,o € O, there exists an inverse element 
a,' in (G;0), then there is a representation pair (R,P) such that the quotient set ale By 18 
a partition of H, i.e., for a,b € H, V0, 09 € O, (a0, ¥)N (bog FY) =0 ora GY = boo. 


(ii) For Yo € O, define an operation o on (eB) by 


(a0, Y) 0 (bog FY) = (aob) 4. 


Then (Fla #30) is an associative multi-operation system. Particularly, if there is a repre- 
sentation pair (R, P) such that for 0! € P, any element in R has an inverse in (77; 0’), then 
(FliaB) is @ group. 

Proof For a,b € #, if there are operations 01,02 € O with (ao, ¥)N (bon Y) #0, then 
there must exist g1,g2 € Y such that ao, g, = bog go. By assumption, there is an inverse 
element cy‘ in the system (Y; 01). We find that 


aug = (bog 9201 ¢,') 1G 
= bog (g2 01 7101 Y) =b GY 


by the associative law. This implies that al R,P) is a partition of #. 
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Notice that ral R,P) is closed under operations in P by definition. It is a multi-operation 


system. For Va,b,c € R and operations 01,02,03,0!,0? € P we know that 


(2019) 0! (bo29)) 02 (cos ¥) = (a0 b) 4 ¥) 0? (C054) 
((ao' b) 0? c) 1 GY 


and 


(a0, ¥) 01 ((bo2 Y) 07 (cogY)) = (a0, Y) 04 ((b0* c) 02 Y) 
(aot (bo? c)) 1G. 


by definition. Since (#7, O) is associative, we have (ao! b) 02 ¢ = ao! (bo? c). Whence, we get 
that 
((a.01 Y) 0° (bo2 Y)) 0” (coz Y) = (a01 FY) 07 ((bo2 Y) 07 (coz Y)), 


Le., (Fl; R,B)} O) is an associative multi-operation system. 
If any element in R has an inverse in (#;0’), then we know that Y is a unit and a~! 0o/Y 


is the inverse element of ao’ Y in the system (Fla By: o’), namely, it is a group again. 


Let Z(O) be the set of all units 1,,0 € Oina multi-operation system (#7; O). Define a 
multi-kernel Kerw of a homomorphism w : (#4; O1) = (44; Oz) by 


Kerw = { a€ % | w(a) = 1, € Z(O2) }. 
Then we know the homomorphism theorem for multi-operation systems in the following. 
Theorem 4.2 Let w be an onto homomorphism from associative systems (74; O1) to (7; Oz) 
with (Z(Oz);O2) an algebraic system with unit 1,- for Yo~ € Oz and inverse x~! for Vx € 


(Z(Oz) in ((Z(Oz);07). Then there are representation pairs (Ri, P,) and (Rz, P2), where Py C 
O,; P; Cc Os such that 


(74;01) Lc. sey (4; O2) Lo = 
(Kerw; 0) ")  (£(O2); 2) Or?) 
if each element of Kerw has an inverse in (7430) foro € O1. 
Proof Notice that Kerw is an associative subsystem of (4; 04). In fact, for Vky, ko € Kerw 
and Vo € Oj, there is an operation o~ € Op» such that 
w(ky 0 ka) = w(k1) 07 w(k2) € Z(O2) 


since Z (O2) is an algebraic system. Whence, Kerw is an associative subsystem of (A; 01). By 
assumption, for any operation o € O; each element a € Kerw has an inverse a~! in (.%4;0). 
Let w: (W430) > (#;07). We know that 
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w(aca*) =w(a)o w(a*) = 1,-, 


i.e., w(a~!) = w(a)7! in (44;07). Because Z(O2) is an algebraic system with an inverse 27! 


for Va € Z(O2) in ((Z(Oz);07), we find that w(a~*) € Z(Oz), namely, a~! € Kerw. 
(74:01) (72502) by 


Define a mapping co: aS On) lira, P,) = (Z(O2);02) | (Rs,Ps) 


a(ao Kerw) = o(a) 0” T(O2) 


for Va € R1,0 € P,, where w : (743°) > (74;07). We prove o is an isomorphism. Notice that 
a is onto by that w is an onto homomorphism. Now if ao, Kerw 4 bo2 Ker(a@ ) for for a,beE Ry a and 


01,02 € Py, then w(a) 0; Z(O2) Fw (b) oy T(z). O Otherwise, we find that a0, Kerw = bo Kerw, 
(F401) 


a contradiction. Whence, o(a0, Kerw) # o(bo2Kerw), i.e., is a bijection from cee eee 


(44; O2) 


t0 Gs);0a) (Re, Ps)" 


Since w is a homomorphism, we get that 


o((ao4 Kerw) 0 (bo Kerw)) = o(a0, Kerw) 0~ o(b 0g Kerw) 


= (w(a) oF T(O2)) 07 (w(b) oy L(O2)) 
= 0((a0, Kerw) 07 o(b 02 Kerw), 


(¥4,;01) | to (Hy;O2) | _ 
(Kerw;01) |(R1,P1) (Z(Oz);O2)'!(R2,P2)’ 


i.e., 0 is an isomorphism from 


Corollary 4.1 Let (74;01), (#4; O2) be multi-operation systems with groups (4; 01), (4; 2) 
for Yor € Oi Yoo € Oy and w: (44; O1) = (7; Oz) a homomorphism. Then there are repre- 
sentation pairs (Ri, P,) and (Ro, Po), where P, Cc Or, Py G Oo such that 


(¥4;01) ~ _(%6;02) 


(Ken; Oy) ~ Gy); On) 
Particularly, if (4; Oz) is a group, we get an interesting result following. 
Corollary 4.2 Let (7:0) be a multi-operation system and w : (#; O) — (@&;0) a onto 


homomorphism from (#;0) to a group (@;0). Then there are representation pairs (R, P), 
PCO such that 


§5. Multi-Rings 


An associative multi-operation system (#7; O01 < QOz2) is said to be a multi-group if (#;0) isa 
group for Yo € 0, UQs, a multi-ring (or multi-field) if O, = {-;,|1 <i <1}, Oo = {4+i]l <i< 1} 
with rings (or multi-field) (#;+:,-;) for 1 <4 <1. We call them [-group, l-ring or I-field 
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for abbreviation. It is obvious that a multi-group is a group if |O; U O2| = 1 and a ring or 
field if |O,| = |O2| = 1 in classical algebra. Likewise, We also denote these units of a l-ring 
(7/;0, — Oz) by 1., and 04, in the ring (#;+44,-;). Notice that for Va € #, by these 
distribute laws we find that 


ay;b=a;; (b+; 04,) =a-, b+; 4+; 04,, 
b-;a= (b+; 04,) 4a =b+; a+; 04, 4a 
for Vb € #. Whence, 


ay O+, = 0+, and 0+, 4a O+,. 


Similarly, a multi-operation subsystem of (#;O, — O2) is said a multi-subgroup, multi- 
subring or multi-subfield if it is a multi-group, multi-ring or multi-field itself. 

Now let (#;O1 — Oz) be an associative multi-operation system. We find these criterions 
for multi-subgroups and multi-subrings of (.7; 0, — O2) in the following. 


Theorem 5.1 Let (#;O1 — Og be a multi-group, H C #. Then (H;O1 — Oz) is a 

(i) multi-subgroup if and only if for Ya,b EH, 0 € O1 UO2, aobs' EH; 

(it) multi-subring if and only if for Va,b © H, +; € O1 and V+; € O2), ab, ati ee EH, 
particularly, a multi-field if a+; b>', ati bi EH, where, O, = {i|1 <i <1}, Oo = {4,|1 < 
i<l}. 


Proof The necessity of conditions (i) and (ii) is obvious. Now we consider their sufficiency. 

For (i), we only need to prove that (H;0) is a group for Yo € 0, UQg,. In fact, it is 
associative by the definition of multi-groups. For Va € H, we get that 1, = aoa;! € H and 
1,oaz! € H. Whence, (H;0) is a group. 

Similarly for (iz), the conditions a-; b, a+; ia € H imply that (H;+;) is a group and 
closed in operation -; € O,. These associative or distributive laws are hold by (#7; +:,-;) being 
a ring for any integer i,1 <i <1. Particularly, a+; b;' € H imply that (H;-;) is also a group. 
Whence, (#;+;,+;) is a field for any integer 7,1 <i <1 in this case. 

A multi-ring (#7;0O, — O2) with O; = {Jl <i <I}, Og = {4,|1 <i < 1} is integral if 
for Va,b € # and an integer i, 1 <i<1,aoj;b= boa, 1o, 4 04; and ao; b = 04, implies that 
a=0,, or b=04,. If 1 = 1, an integral /-ring is the integral ring by definition. For the case 


of multi-rings with finite elements, an integral multi-ring is nothing but a multi-field. See the 
next result. 


Theorem 5.2 A finitely integral multi-ring is a multi-field. 

Proof Let (#;01 — O2) be a finitely integral multi-ring with # = {a1,a2--- ,an}, 
where O; = {-;{1 <i <I}, Og = {4,|1 <i <1}. For any integer 7,1 <i <1, choose an element 
a€ # anda#04,. Then 

GO; a1, A 42,°°* , AWUAn 


are n elements. If a0; ds = G0; dp, ie., 40; (As +i a; *) = 0,,. By definition, we know that 
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as +; le = 0+;, namely, a, = a;. That is, these a0; a1, @0; a2,-+: , @°; Gy are different two 
by two. Whence, 


KH ={ 00401, 29; 42,°-+ , A; An f. 


1 


Now assume ao; da, = 1.,, then a@~ = Gs, i.e., each element of # has an inverse in 


(#/;+;), which implies it is a commutative group. Therefore, (#;+;,-;) is a field for any 


integer 1,1 <i<l. 


Corollary 5.1 Any finitely integral ring is a field. 


Let (#;O} — O34), (#;0? — O32) be multi-rings with OF = {-4|1 <i < k}, OF = 
{+*|1 <i < k} for k = 1,2 and 9: (#;01 — O3) — (#;07 — O2) a homomorphism. 
Define a zero kernel Kero of @ by 


Kergo = {a € H0(a) =042,1 <i < by}. 


Then, for Vh € # anda € Keroo, o(a-th) = 04,0(-i)h =04,, ie, a-ih € Kero. Similarly, 
hyuae Kero o. These properties imply the conception of multi-ideals of a multi-ring introduced 
following. 

Choose a subset J C #. For Vh € #, a € T, if there are 


hojaE€TZ and ao;hEe dH, 


then Z is said a multi-ideal. Previous discussion shows that the zero kernel Kergo of a homo- 
morphism g on a multi-ring is a multi-ideal. Now let Z be a multi-ideal of (#7;O1 — Oz). 
According to Corollary 4.1, we know that there is a representation pair (Ro, Pz) such that 


T={a+iT |a€ Ro, +: € Py} 
is a commutative multi-group. By the distributive laws, we find that 


(a+; Z)-; (b+% TZ) a-;b+pa-5L+;,;2b4+,2-;f 
J J J J 


as5 b+, Z. 


Similarly, we also know these associative and distributive laws follow in (Z;O, @ Oz). 
Whence, (Z:O, <> Qo) is also a multi-ring, called the quotient multi-ring of (77;O1 — Oo), 
denoted by (# : T). 

Define a mapping 0: (#;01 — O2) = (#::T) by o(a) = a4+;TF for Va € # ifae€ atiT. 
Then it can be checked immediately that it is a homomorphism with 


Kergo = T. 


Therefore, we conclude that any multi-ideal is a zero kernel of a homomorphism on a 


multi-ring. The following result is a special case of Theorem 4.2. 
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Theorem 5.3 Let (#4;O} — O3) and (44;07 — O32) be multi-rings and w : (#;O3) 
(4; O03) be an onto homomorphism with (I(O3); O3) be a multi-operation system, where I(O3) 
denotes all units in (#4;032). Then there exist representation pairs (R1, P,),(R2,P2) such that 


w (Fi01 = O3) 
0 Mew S ORS OR aban 


Particularly, if (#;O? — O3) is a ring, we get an interesting result following. 


Corollary 5.2 Let (#7;O1, — Oz) be a multi-ring, (R;+,-) a ring and w : (77;O2) > (R;+) 


be an onto homomorphism. Then there exists a representation pair (R, P) such that 


(7 :T)\ pp (Fahy), 
§6. Finite Dimensional Multi-Modules 


Let O={ 4; |1<i< mb}, O, ={.|1 <i < mb} and Og = {4;|1 < i < m} be operation sets, 
(@;O) a commutative m-group with units 0;, and (#;O1; — O2) a multi-ring with a unit 1. 
for V- € O,. For any integer i, 1 <i < m, define a binary operation x; :%x mM — Md by 
ax;,uforaeé &,x€ 4 such that for Va,b € &, Vx,y € 4, conditions following hold: 

(i) ax;(atiy) =ax, 24+; 4X7; 

(ii) (at+4b) xj x2 =axj,x+,bX;2; 

(itt) (ab) xix =a x; (bX; 2); 

(iv) 1, xiv = @. 
Then (.@;O) is said an algebraic multi-module over (#;O1, — Oz) abbreviated to an m- 
module and denoted by Mod(.4@(O) : (O01 — Oz)). In the case of m = 1, It is obvious 
that Mod(.4(O) : #(O1 — Oz)) is a module, particularly, if (@;O, — O2) is a field, then 
Mod(.4(O) : &(O1 — Oz)) is a linear space in classical algebra. 

For any integer k, a; © Z and x; € .@, where 1 <7, k < s, equalities following are hold 
by induction on the definition of m-modules. 


aX~ (01 +k 02 +kh+ ++ +k Cs) =AX ei +haXp LQ 4+Kk+ ++ +h Os Xk x, 


(Q1+KnGo+h +++ +h@s) Xp 0 =A1 Xp E +h G2 Xp UK? +h As XK EZ, 


(G1 *h G2*k +++ hk Gs) Xk © = 1 XK (AQ XK°+* X (Gs X~L)---) 
and 
Lege Xiy (Tig. Mig ttt Misa (le, Xis x): ) = & 
for integers i1,72,--- ,ts € {1,2,---,mb}. 


Notice that for Va,x €.W,1<i<m, 


ax;,;v=ax; (@+;,04,) =ax;, v4 ,a x; 04,, 


we find that a x; 04, = 04,. Similarly, 0;, x;a=04,. Applying this fact, we know that 
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aXe +i ay xiv = (ata; ) xix =0j, Xe =— 04, 


a 


and 
aX,2+,8X%,2,, =a x; (e+, 2,,) =a x; 04, = 04,. 


We know that 


aQXeU) sg -=64, XP VHOXp Cin 
+i 4+; +i 


Notice that a x; x = 04, does not always mean a = 0;, or = 04, in an m-module 
Mod(.4(O) : #(O1 — Oz2)) unless a;_ is existing in (2; +:,i) if #04,. 

Now choose Mod(.41(Q1) : 4:(Ot <— O©3)) an m-module with operation sets O, = 
{45]1<4< mh, Of = {11 <i < mh, O) = {451 < it < m} and Mod(.M(O2) : 
%Ry(O7 — O3)) an n-module with operation sets O2 = { +) | 1<i<n}, OF ={37|1 <i<n}, 
OF = {471 <i<n}. They are said homomorphic if there is a mapping u : 4 > -@ such 
that for any integer 7,1 <i<m, 


(i) ola +h y) = e(a) +” u(y) for Vx, y € MH, where o(+/) = +” € Oo; 
(it) Ua x; 2) =a x; U(x) for Vr € MG. 


If c is a bijection, these modules Mod(.4(O1) : 4i1(O} — O3)) and Mod(.42(O2) : 
Rz(O? — O32)) are said to be isomorphic, denoted by 


Mod(.M(O1) : #1(O! & O})) ¥ Mod(.%2(O2) : Z2(O? — O3)). 


Let Mod(.4(O) : #(O, — O2)) be an m-module. For a multi-subgroup (.%;Q) of 
(@;O), if for any integer i, 1 <i<m,ax;x€ Y for Vac & and x € %, then by definition 
it is itself an m-module, called a multi-submodule of Mod(.4(O) : #(O1 — O2)). 

Now if Mod(.V(O) : @(O1 — O2)) is a multi-submodule of Mod(.4@(O) : #(O1 — O2)), 


by Theorem 4.2, we can get a quotient multi-group wal R,P) With a representation pair (R, P) 


under operations 


(ati NV) + (b+) %) = (a+) 3% 


for Va,b € R,+ € O. For convenience, we denote elements «+; -% in wales B) by x2@), For an 
integer 7,1 <7< mand Vae &, define 


axa) = (axa). 


Then it can be shown immediately that 


i) aXj (2 +, y) =ax;, 2 4,0 x; yO; 


ii) (atyb) xi, 2 =ax, 2 4,6 x, 2; 
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Les (4 le Bi : &) is also an m-module, called a quotient module of Mod(.4@(O) : #(O1 
O2)) to Mod(.V(O) : (O01 — Oz)). Denoted by Mod(.4/.%). 

The result on homomorphisms of m-modules following is an immediately consequence of 
Theorem 4.2. 


Theorem 6.1 Let Mod(.4%(O1) : #1(O} — O3)), Mod(.42(O2) : Z2(O? — OF)) be multi- 
modules withO, = { +, |1<i< m}, O02 ={4/ |1<i< n}, O} = {41 <i < m}, 
OS ee Kteam), OF =f4il <i<rn) G2 = (42 | <i< nh andi: Mod(.4(Q}) : 
&#(Ot — O3)) = Mod(.42(O2) : B2(O? — O}F)) be a onto homomorphism with (I(Oz); O2) 
a multi-group, where Z(O3) denotes all units in the commutative multi-group (@2;O2). Then 


there exist representation pairs (Ry, P,),(R2,P2) such that 


Mod(M/N Ip, 4) % Mod(Ms(O2)/T(2))Ic,,24) 
where NV = Kerv is the kernel of t. Particularly, if (Z(O2);O2) is trivial, i.e., |\Z(O2)| = 1, 
then 
Mod(.4/1)|(p, B) = Mod(.42(O2) : R(O? — O32) )\ci2»,Bs)* 
Proof Notice that (Z(Oz); Oz) is a commutative multi-group. We can certainly construct 


a quotient module Mod(.4@2(O2)/Z(Oz2)). Applying Theorem 2.3.6, we find that 


Mod(4/-1 )\(2,,7,) = Mod(-42(02)/Z(O2))I(n,,2,)- 


Notice that Mod(.42(O2)/Z(O2)) = Mod(.4(O2) : #2(O7 — O32)) in the case of 
|Z(O2)| = 1. We get the isomorphism as desired. 


Corollary 6.1 Let Mod(.@(O) : #(O1 — Oz)) be an m-module withO={ +; |1<i< 
m}, O1 = {ull < i < m}, Oo = {4i|l < i < m}, M a module on a ring (R;+,-) and 
tu: Mod(.4(O1) : #i(O} — O3)) = M a onto homomorphism with Keri = NW. Then there 
exists a representation pair (R’, P) such that 


Mod(.4/1)\ (2p) 
particularly, if Mod(.@(O) : #(O1 — O2)) is a module M, then 


~ M, 


MIN = M. 


For constructing multi-submodules of an m-module Mod(.4(O) : &(O, — O2)) with 
O={4+:|1<i<m}, O1 ={.|l <i< m}, Og ={4,|1 <i < m}, a general way is described 
in the following. 

Let $C .@ with |S| =n. Define its linearly spanning set (32) in Mod(.@(O) : #(O1 
Oz)) to be 


(312) — DOBDai, xX; Liy| Ay CB, Xi; € ¢ }, 


i=1 j=1 
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where 
m n 
DO ai Xig Ve = Gy X1 yr +1°°+ +1 Gin X1 Lin 
i=1 j=1 
+a, X2 021 +2°++ +2 dan X2 Lan 
BCS, een ce an crepheuieteante waredae es ae +(3) 
Gm1 Xm mi t+m —— tm Amn Xm &mn 
m 
with +, +), +) € O and particularly, if +; = +2 =--: = +m, it is denoted by S* a; as 


i=1 
usual. It can be checked easily that (S|@) is a multi-submodule of Mod(.4(O) : #(O1 
Oz)), call it generated by S in Mod(.@(O) : B(O, — Oz)). If G is finite, we also say that 

a) is finitely generated. Particularly, if S = {x}, then (S|#) is called a cyclic multi- 
submodule of Mod(.@(O) : #(O1 — O2)), denoted by #x. Notice that 


Rx ={ Pa xir|aeR} 


i=1 


by definition. For any finite set S , if for any integer s,1 <s<™m, 


Dp ‘a iy Xi 2g = 04, 
i=1 j=1 
implies that a;; = 0;, for 1 <i<m,1<j <n, then we say that {a,;|1 <i<m,1<j <n} 
is independent and § a basis of the multi-module Mod(.@(O) : #(O,  O2)), denoted by 
(5|#) = Mod(.4(0) : (0; — O2)). 
For a multi-ring (#;O, — O2) with a unit 1. for V- € O1, where O, = {-;|1 <i < m} and 
Oz = {4,]1 <i<mb}, let 


RR” = 4 (ig Ba, 3+ rn | LE R,1 < U = n}. 


Define operations 


(1, @2,° -_ jn) +i (Y1,Ya,°°° Yn) = (ait+iyi, To+iYyo, ++ ,Unt+iYn) 


and 


MR, (D1, Ba, <*> Bn) = (G29 Wig; D9, + 5% Be) 


for Va € & and integers 1 < i < m. Then it can be immediately known that Z™ is a multi- 
module Mod(@™”) : Z(O, — O2)). We construct a basis of this special multi-module in the 
following. 

For any integer k,1<k <n, let 


ey = (gO peagens (OE); 
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Notice that 


(©1,%2,*** ,2n) = 21 Xe C1 +h Zo Xe C2 +h +k Ln Xk Cn. 
We find that each element in #”) is generated by e1,€2,-++ ,@n. Now since 
(Pity , Zn) = (04,04 ,5°°° ,0;,) 
implies that x; = 0;, for any integer 7,1 <i <n. Whence, {e1,€2,--- ,e@n} is a basis of 


Mod(4” : B(O7r = Oz)). 


Theorem 6.2 Let Mod(.@(O) : #(O1 — O2)) = (5|#) be a finitely generated multi-module 
with § = {u1,U2,°++,Un}. Then 
Mod(.4(O) : #(O; — O2)) = Mod(Z@™ : BO; — Oz)). 
Proof Define a mapping 3 : @(O) = &™ by V(ui) = ei, V(a x; ui) = a x; ej and 
V(ui +k Uj) =e; +4 €; for any integers i, 7,k, where 1 < i,j,k <n. Then we know that 


HDB ay Xi Ui) = DO ais xj ej. 

i=1 j=l i=1 j=l 
Whence, J is a homomorphism. Notice that it is also 1 — 1 and onto. We know that V is an 
isomorphism between Mod(.@(O) : #(O1 — O2)) and Mod(@) : B(O1 — Oz). 


§7. Combinatorially Algebraic Systems 


An algebraic multi-system is a pair (a; @) with 


m m 
ad=|)H ad 6=|JO; 
i=1 i=1 
such that for any integer 1,1 <i < m, (#%;O;) is a multi-operation system. For an algebraic 
multi-operation system (a; 0) and an integer i,1 <i< _m, a homomorphism 7; : (a; 0) = 
(74;0;) is called a sectional projection, which is useful in multi-systems. 


Two multi-systems (A; O1), CA 02), where A = U #* and CO, = LL OF for k= 1, 2 
i=1 i=l 


are homomorphic if there is a mapping o: ay > A, such that op; is a homomorphism for any 
integer 7,1 <i<m. By this definition, we know the existent conditions for homomorphisms 


on algebraic multi-systems following. 


Theorem 7.1 There exists a homomorphism from an algebraic multi-system (A; ZW to 


(Ly: 02), where Gy = U GF and O, = U OF for k = 1, 2 if and only if there are ho- 
i=l i=1 
momorphisms ,12,°** ;Nm on (743; Ot), (4G!;O3),---, (1,01) such that 
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Nil e.nze} = Nilsen.) 
for any integer 1 <i,j7 <™m. 


Proof By definition, if there is a homomorphism o : (A; C;) = (Ay; 02), then op; is a 
homomorphism on (.%'; O}) for any integer i,1 <i <m. 

On the other hand, if there are homomorphisms 71, 72,°** , Mm on (%4'; Ot), (Z!; O34), ++, 
(4%; O01 ), define a mapping o: (A; Dis (Ay; @2) by o(a) = n;(a) ifa€ H,. Then it can 


m? 


be checked immediately that o is a homomorphism. 


Let o: (A; O;) => (a; G2) be a homomorphism with a unit 1, for each operation o € @3. 
Similar to the case of multi-operation systems, we define the multi-kernel Ker(o) by 


Ker(o) ={a€@ | o(a) =1, for Vo € & }. 


Then we have the homomorphism theorem on algebraic multi-systems following. 


Theorem 7.2 Let (A; O:), (Ly; 0) be algebraic multi-systems, where Dy = OR Ag On = 
=1 


i= 


L) OF for k= 1,2 and (A; O:) => (Lp; 0) a onto homomorphism with a multi-group 
i=l 

(Z?;O?) for any integer i,1 <i<m. Then there are representation pairs (Ri, P,) and (Ro, P2) 
such that 


(A; 6) ~ (Le; G2) 


Ker(:0,) *) ~ EO),0, (Fe 
where (Z(O2); Oz) = i707). 
i=1 


Proof By definition, we know that oly. : (%';O7) > (4) O34) is also an onto 
homomorphism for any integer 7,1 <7i< m. Applying Theorem 4.2 and Corollary 4.1, we can 
find representation pairs (R!, P!) and (R?, P?) such that 


De 4x 2 
(36); 01) ww (Fei Pow) 


(Ker(o] 5); OF) ~ Oe) 


1 pl 1 pl 
(REP) (Bocay Pow) 


Notice that 


A=, &=Uot 
7=1 


i=1 


for k = 1,2 and 


m 


Ker(o) = (J Ker(ol,z). 


i=l 


We finally get that 
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(AsO)  (AiO2) 
(Ker(o);O1) “™" — (L(Oz);O2) 
with 
Fea |) RF and P= |) Pe 
i=l i=1 
for k = 1 or 2. 


Let (A;0) be an algebraic system with operation o. We associate a labeled graph G'[A 
with (A;0) by 


V(G*|A)) = A, 


E(G*[A]) = {(a,c) with label 0b | if aob=c for Va,b,c € A}, 


as shown in Fig.7.1. 


Fig.7.1 


The advantage of this diagram on systems is that we can find aob = c for any edge in 
G{A], if its vertices are a,c with a label ob and vice versa immediately. For example, the 
labeled graph G*[Z4] of an Abelian group Z4 is shown in Fig.7.2. 


_ 


Fig.7.2 


Some structure properties on these diagrams G“[A] of systems are shown in the following. 


Property 1. The labeled graph G"|A] is connected if and only if there are no partition A = 
A; Ao such that for Va, € Ai, Vag € Ag, there are no definition for ay 0 ag in (A;0). 


If G*[A] is disconnected, we choose one component C and let Ay = V(C). Define Az = 
V(G*[A]) \V(C). Then we get a partition A = A; U Ag and for Vai € A1, Vaz € Ae, there are 
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no definition for a1 o ag in (A;0), a contradiction. 


Property 2. If there is a unit 14 in (A;0), then there exists a verter 14 in G"[A] such that 
the label on the edge (14,2) is ox. 


For a multiple 2-edge (a,b) in a directed graph, if two orientations on edges are both to a 
or both to b, then we say it a parallel multiple 2-edge. If one orientation is to a and another is 


to b, then we say it an opposite multiple 2-edge. 


Property 3. For Va € A, if a3! exists, then there is an opposite multiple 2-edge (14,a) in 
G?{A] with labels oa and oaz', respectively. 


Property 4. For Va,b € A ifaob = boa, then there are edges (a,x) and (b,x), x € A in 
(A; 0) with labels w(a,x) = 0b and w(b, x) = 0a in G*[A], respectively. 


Property 5. If the cancellation law holds in (A;0), i.e, for Va,b,c € A, ifacob=aococ then 
b=c, then there are no parallel multiple 2-edges in G"[A]. 


These properties 2—5 are gotten by definition. Each of these cases is shown in (1), (2), (3) 
and (4) in Fig.7.3. 


a 
a e b 
t ob oa 
oh ob 
oa oa7t ob oa 
14 
A 
is a b a 


(1) (2) (3) (4) 


Fig.7.3 


Now we consider the diagrams of algebraic multi-systems. Let (a; 0) be an algebraic 
multi-system with 


ad=|)H and 6=|JO; 
i=l i=l 
such that (#4; O;) is a multi-operation system for any integer i, 1 <i < m, where the operation 
set O; = {0,,;|1 < 7 <n}. Define a labeled graph Gt [Y] associated with (/; @) by 


GA =(J UJ C404) 


i=1 j=1 


where G" (4; 04;)] is the associated labeled graph of (#3 0;;) for 1 <i<m,1<j <n. The 


importance of G*[./] is displayed in the next result. 
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Theorem 7.3 Let (A; O:), (ap; 6») be two algebraic multi-systems. Then 


(A301) = (9; O) 
if and only if 


G" |x). 


IIe 


G*[A| 


Proof If (A; G;) = (Ay; 02), » by definition, there is a 1 — 1 mapping w : Hy = Dy with 
Ww: O71 = Or such that for Va,b € hy and 0, € C;, there exists an operation 02g € Or with the 
equality following hold, 


w(a 01 b) = w(a) 02 w(b). 


Not loss of generality, assume a0; b = c in (A; @,). Then for an edge (a,c) with a label 015 
in G" [A], there is an edge (w(a),w(c)) with a label ogw(b) in G4 [a], i.e., w is an equivalence 
from G“[.A] to G“ [a]. Therefore, G“[.A] ~ G*[A]. 

Conversely, if G2[a4] ~ G"[c], let w be a such equivalence from G/[.A] to G“ [aA], 
then for an edge (a,c) with a label 0b in G* [A], by definition we know that (w(a),w(c)) with 
a label w(01)w(b) is an edge in G” [a]. Whence, 


w(a 01 b) = w(a)w(o1)u(b), 


Le., w : A, > @y is an isomorphism from (A; O;) to CA O>). 


Generally, let (A; O:), (ay; @») be two algebraic multi-systems associated with labeled 
graphs G’ [A], Gt [A]. A homomorphism i: G¥ [A] — Gt [a9] is a mapping z : V(G" [A]) = 
V(G"[@]) and. : @, + Gy such that 1(a,c) = (v(a),1(c)) with a label 1(0)«(b) for V(a,c) € 
E(G# [“]) with a label ob. We get a result on homomorphisms of labeled graphs following. 


Theorem 7.4 Let (A; O:), (Ly; 02) be algebraic multi-systems, where By = Lae", CO, = 


i=1 
U OF fork =1,2 ande: (A; O:) —> (Lp: 0») a homomorphism. Then there is a homomor- 
Fhe t: G*[|aA] = G*[xA] from G*[xA] to G* [A] induced by v. 


Proof By definition, we know that o : V(G* [“]) - — V(G*|&]). Now if (a,c) € E(G*[&H]) 
with a label ob, then there must be aob = c in (A; O;). Hence, 1(a)e(o)e(b) = e(c) in (Lp: O>), 
where 1(0) € @2 by definition. Whence, (1(a), (c)) € E(G"[.4]}) with a label 1(0)1(b) in G4 [A], 
i.e., J is a homomorphism between G“[.A4] and G“|./)2]. Therefore, 1 induced a homomorphism 
from G* [aA] to G* [A]. 

Notice that an algebraic multi-system CA @) is a combinatorial system @p with an under- 


lying graph T, called a [-multi-system, where 
VT) ={4]1 <i < m}, 
E(V) = {(%4, 4) |3a € Hb € H with (a,b) € E(G"[)) for 1 < i,j < m}. 
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We obtain conditions for an algebraic multi-system with a graphical structure in the fol- 
lowing. 
Theorem 7.5 Let CA @) be an algebraic multi-system. Then it is 


(i) a circuit multi-system if and only if there is arrangement {,,1 <i <m for 4A, Z4,:++,Hn 
such that 


Hi, (| 4.40, 4.) Aas #9 


for any integer i(mod m), 1<i<m but 


6, ( | 4, =9 


for integers 7 Ai —1,1,1+1(mod m); 
(ii) a star multi-system if and only if there is arrangement 7,1 <i <m for 4, 4,:+:,Hn 
such that 


FG, (\HG4, #0 but 24, HG, =0 


for integers 1 <i,g7 <m,iFj. 
(iit) a tree multi-system if and only if any subset of & is not a circuit multi-system under 


operations in @. 


Proof By definition, these conditions really ensure a circuit, star, or a tree multi-system. 


Conversely, a circuit, star, or a tree multi-system constrains these conditions, respectively. 


Now if an associative system (./;0) has a unit and inverse element az! for any element 
a € &, i.e., a group, then for any elements x,y € /, there is an edge (x,y) € E(G*[/}). In 
fact, by definition, there is an element z € & such that r>toy = z. Whence, ro z= y. By 
definition, there is an edge (x,y) with a label oz in G“[./], and an edge (y,) with label z>?. 
Thereafter, the diagram of a group is a complete graph attached with a loop at each vertex, 
denoted by K[./;0]. As a by-product, the diagram G’ [G] of a m-group G is a union of m 
complete graphs with the same vertices, each attached with m loops. 


Summarizing previous discussion, we can sketch the diagram of a multi-group as follows. 
Theorem 7.6 Let (a; 0) be a multi-group with a = U 4, C= U O;, O; = {o1,,1 <5 < 


i=1 i=1 
ni} and (A4;0;;) a group for integers i,j, 1<i<m,1<i< nj. Then its diagram G4] is 


m ni 


G*[] =|J LU KG; 055]. 


i=1 j=1 


Corollary 7.1 The diagram of a field (#;+,0) is a union of two complete graphs attached 
with 2 loops at each vertex. 


Corollary 7.2 Let (a; 0) be a multi-group. Then G*[o/] is hamiltonian if and only if Gp is 


hamiltonian. 
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Proof Notice that @p is an resultant graph in G“[.«/] shrinking each U K[AG;04;] to a 
j=l 
vertex Hj for 1 < i < m by definition. Whence, @p is hamiltonian if G“[.e/] is hamiltonian. 


Conversely, if @p is hamiltonian, we can easily find a hamiltonian circuit in G*[./] by 


applying Theorem 7.6. 


§8. Remarks 


8.1 These conceptions of multi-group, multi-ring, multi-field and multi-vector space are first 
presented in [11]-[14] introduced by Smarandache multi-spaces. In Sections 4 — 5, we consider 
their general case, i.e., multi-operation systems and extend the homomorphism theorem to this 
multi-system. Section 6 is a generalization of works in [13] to multi-modules. There are many 
trends or topics in multi-systems should be researched, such as extending those of results in 


groups, rings or linear spaces to multi-systems. 


8.2 The topic discussed in Section 7 can be seen as an application of combinatorial spec- 
ulation({16]) to classical algebra. In fact, there are many research trends in combinatorially 
algebraic systems, in algebra or combinatorics. For example, given an underlying combinatorial 
structure G, what can we say about its algebraic behavior? Similarly, what can we know on its 
graphical structure, such as in what condition it has a hamiltonian circuit, or a 1-factor? When 


it 1s regular? ---, etc.. 


References 


1] G.Birkhoff and S.MacLane, A Survey of Modern Algebra (4th edition), Macmillan Publish- 
ing Co., Inc, 1977. 

2] G.Chartrand and L.Lesniak, Graphs & Digraphs, Wadsworth, Inc., California, 1986. 

3] J.E.Graver and M.E.Watkins, Combinatorics with Emphasis on the Theory of Graphs, 
Springer-Verlag, New York Inc,1977. 

4) L.Kuciuk and M.Antholy, An Introduction to Smarandache Geometries, JP Journal of 
Geometry and Topology, 5(1), 2005,77-81. 

5] J.C.Lu, Fangfo Analyzing LAO ZHI - Explaining TAO TEH KING by TAI JI (in Chinese), 
Tuan Jie Publisher, Beijing, 2004. 

6] J.C.Lu, Originality’s Come - Fangfo Explaining the Vajra Paramita Sutra (in Chinese), 
Beijing Tuan Jie Publisher, 2004. 

7| L.F.Mao, Automorphism Groups of Maps, Surfaces and Smarandache Geometries, Ameri- 
can Research Press, 2005. 

8] L.F.Mao, On automorphism groups of maps, surfaces and Smarandache geometries, Sci- 
entia Magna, Vol.1(2005), No.2,55-73. 

9] L.F.Mao, Smarandache Multi-Space Theory, Hexis, Phoenix,American 2006. 

[10] L.F.Mao, Selected Papers on Mathematical Combinatorics, World Academic Union, 2006. 
[11] L.F.Mao, On algebraic multi-group spaces, Scientia Magna, Vol.2,No.1(2006), 64-70. 

[12] L.F.Mao, On multi-metric spaces, Scientia Magna, Vol.2,No.1(2006), 87-94. 


13 


14 


15 


16 


17 


18 


19 


20 


22 


[23] 


[24] 


Extending homomorphism theorem to multi-systems 27 


L.F.Mao, On algebraic multi-vector spaces, Scientia Magna, Vol.2,No.2(2006), 1-6. 
L.F.Mao, On algebraic multi-ring spaces, Scientia Magna, Vol.2,No.2(2006), 48-54. 
L.F.Mao, Smarandache multi-spaces with related mathematical combinatorics, in Yi Yuan 
and Kang Xiaoyu ed: Research on Smarandache Problems, High American Press, 2006. 
L.F.Mao, Combinatorial speculation and combinatorial conjecture for mathematics, Inter- 
national J.Math. Combin. Vol.1(2007), No.1, 1-19. 

L.F.Mao, An introduction to Smarandache multi-spaces and mathematical combinatorics, 
Scientia Magna, Vol.3, No.1(2007), 54-80. 

L.Z.Nie and S.S.Ding, Introduction to Algebra (in Chinese), Higher Education Publishing 
Press, 1994. 

F.Smarandache, A Unifying Field in Logics. Neutrosopy: Neturosophic Probability, Set, 


and Logic, American research Press, Rehoboth, 1999. 

F.Smarandache, Mixed noneuclidean geometries, eprint arXiv: math/0010119, 10/2000. 
F.Smarandache, V.Christianto, Fu Yuhua, R.Khrapko and J.Hutchison, Unfolding the 
Labyrinth: Open Problems in Physics, Mathematics, Astrophysics and Other Areas of Sci- 
ence, Hexis, Phoenix, 2006. 

M.Tegmark, Parallel Universes, in Science and Ultimate Reality: From Quantum to Cos- 
mos, ed. by J.D.Barrow, P.C.W.Davies and C.L.Harper, Cambridge University Press, 
2003. 

M.Y.Xu, Introduction to Group Theory (in Chinese)(I) (II), Science Press, Beijing, 1999. 


International J.Math. Combin. Vol.3 (2008), 28-33 


A Double Cryptography 


Using the Smarandache Keedwell Cross Inverse Quasigroup 


Temitépé Gbdldhan Jaiyéola 
(Department of Mathematics of Obafemi Awolowo University, Ile Ife, Nigeria.) 


E-mail: tjayeolaQoauife.edu.ng 


Abstract: The present study further strengthens the use of the Keedwell CIPQ against 
attack on a system by the use of the Smarandache Keedwell CIPQ for cryptography in a 
similar spirit in which the cross inverse property has been used by Keedwell. This is done 
as follows. By constructing two S-isotopic S-quasigroups(loops) U and V such that their 
Smarandache automorphism groups are not trivial, it is shown that U is a SCIPQ(SCIPL) 
if and only if V is a SCIPQ(SCIPL). Explanations and procedures are given on how these 
SCIPQs can be used to double encrypt information. 


Key Words: Smarandache holomorph of loops, Smarandache cross inverse property quasi- 


groups(CIPQs), Smarandache automorphism group, cryptography. 
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§1. Introduction 


1.1 Quasigroups and Loops 


Let L be a non-empty set. Define a binary operation (-) on L: If a-y € L for all z,y € L, 
(L,-) is called a groupoid. If the system of equations ; 


a-x=b and y:a=b 


have unique solutions for x and y respectively, then (L,-) is called a quasigroup. For each 


» are called 


x € L, the elements 7? = co = J, € L such that xx? = e? and «*z = e 
the right, left inverses of x respectively. Now, if there exists a unique element e € L called 
the identity element such that for all a € L, 2-e =e-a = @, (L,-) is called a loop. To 
every loop (L,-) with automorphism group AU M/(L,-), there corresponds another loop. Let 
the set H = (L,-) x AUM(L,-). If we define ’o’ on H such that (a,x) o (8,y) = (af, 28 - y) 
for all (a,x), (3,y) € H, then H(L,-) = (H,°) is a loop as shown in Bruck [6] and is called the 
Holomorph of (Z,-). 


A loop is a weak inverse property loop(WIPL) if and only if it obeys the identity 


a(yr)?=y or (2y)e=y%. 


lReceived May 6, 2008. Accepted August 18, 2008. 


A Double Cryptography Using the Smarandache Keedwell Cross Inverse Quasigroup 29 


A loop(quasigroup) is a cross inverse property loop(quasigroup)|[CIPL(CIPQ)] if and only 
if it obeys the identity 


xy: x? =y or x: yu? =y or x- (yx) =y or aya = y. 


A loop(quasigroup) is an automorphic inverse property loop(quasigroup)|AIPL(AIPQ)] if 
and only if it obeys the identity 


(cy)? = 2°y? or (ay) = 2y> 
The set SY M(G,-) = SY M(G) of all bijections in a groupoid (G,-) forms a group called 
the permutation(symmetric) group of the groupoid (G,-). Consider (G,-) and (H,o) been two 
distinct groupoids(quasigroups, loops). Let A,B and C be three distinct non-equal bijective 
mappings, that maps G onto H. The triple a = (A, B,C) is called an isotopism of (G,-) onto 
(H,o) if and only if 
tAocyB=(x-y)CV a, yeG. 


If (G,-) = (H,°), then the triple a = (A, B,C) of bijections on (G,-) is called an autotopism 
of the groupoid(quasigroup, loop) (G,-). Such triples form a group AUT(G,-) called the au- 
totopism group of (G,-). Furthermore, if A = B = C, then A is called an automorphism 
of the groupoid(quasigroup, loop) (G,-). Such bijections form a group AUM(G,-) called the 
automorphism group of (G,-). 

As observed by Osborn [17], a loop is a WIPL and an AIPL if and only if it is a CIPL. 
The past efforts of Artzy [1]-[4], Belousov and Tzurkan [5] and recent studies of Keedwell [12], 
Keedwell and Shcherbacov [13]-[15] are of great significance in the study of WIPLs, AIPLs, 
CIPQs and CIPLs, their generalizations(i.e m-inverse loops and quasigroups, (r,s,t)-inverse 
quasigroups) and applications to cryptography. 

Interestingly, Huthnance [7] showed that if (L,-) is a loop with holomorph (H, 0), (Z,-) is 
a WIPL if and only if (H,0) is a WIPL. But the holomorphic structure of AIPL and a CIPL 
has just been revealed by Jafyéola [11]. 

In the quest for the application of CIPQs with long inverse cycles to cryptography, Keedwell 
[12] constructed the following CIPQ which we shall specifically call Keedwell CIPQ. 


Theorem 1.1 Let (G,-) be an abelian group of order n such that n+ 1 is composite. Define a 
binary operation °o’ on the elements of G by the relation aob=a"b*, wherers =n+1. Then 


(G,o) is a CIPQ and the right crossed inverse of the element a is a“, where u = (—r)3 


The author also gave examples and detailed explanation and procedures of the use of this 
CIPQ for cryptography. Cross inverse property quasigroups have been found appropriate for 
cryptography because of the fact that the left and right inverses 2* and «? of an element x do 
not coincide unlike in left and right inverse property loops, hence this gave rise to what is called 
cycle of inverses or inverse cycles or simply cycles, i.e finite sequence of elements 71, 2%2,-++ , Un 
such that x? = 2,41 mod n. The number n is called the length of the cycle. The origin of the 
idea of cycles can be traced back to Artzy [1],[4] where he also found there existence in WIPLs 
apart form CIPLs. In his two papers, he proved some results on possibilities for the values of 
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n and for the number m of cycles of length n for WIPLs and especially CIPLs. We call these 
Cycle Theorems for now. 

In application, it is assumed that the message to be transmitted can be represented as single 
element a of a quasigroup (L,-) and that this is enciphered by multiplying by another element 
y of L so that the encoded message is yx. At the receiving end, the message is deciphered 
by multiplying by the right inverse y? of y. If a left(right) inverse quasigroup is used and the 
left(right) inverse of x is 2* (#°), then the left(right) inverse of 2* (x?) is necessarily x. But if 
a CIPQ is used, this is not necessary the situation. This fact makes an attack on the system 
more difficult in the case of CIPQs. 


1.2 Smarandache Quasigroups and Loops 


The study of Smarandache loops was initiated by W. B. Vasantha Kandasamy in 2002. In 
her book [19], she defined a Smarandache loop(S-loop) as a loop with at least a subloop which 
forms a subgroup under the binary operation of the loop. In [9], the present author defined 
a Smarandache quasigroup(S-quasigroup) to be a quasigroup with at least a non-trivial as- 
sociative subquasigroup called a Smarandache subsemigroup (S-subsemigroup). Examples of 
Smarandache quasigroups are given in Muktibodh [16]. In her book, she introduced over 75 
Smarandache concepts on loops. In her first paper [20], on the study of Smarandache notions 
in algebraic structures, she introduced Smarandachely left(right) alternative loops, Bol loops, 
Moufang loops, and Bruck loops. In [8], the present author introduced Smarandachely inverse 
property loops(IPL) and weak inverse property loops(WIPL). 

A quasigroup(loop) is called a Smarandache certain quasigroup(loop) if it has at least a 
non-trivial subquasigroup(subloop) with the certain property and the latter is referred to as 
the Smarandache certain subquasigroup(subloop). For example, a loop is called a Smarandache 
CIPL(SCIPL) if it has at least a non-trivial subloop that is a CIPL and the latter is referred to 
as the Smarandache CIP-subloop. By an initial S-quasigroup LC with an initial S-subquasigroup 
L’, we mean L and L’ are pure quasigroups, i.e. they do not obey a certain property(not of 
any variety). 

If L is a S-groupoid with a S-subsemigroup H, then the set SSY M(L,-) = SSYM(L) of 
all bijections A in LZ such that A : H — H forms a group called the Smarandache permuta- 
tion(symmetric) group of the S-groupoid. In fact, SSY M(L) < SY M(L). 


Definition 1.1 Let (L,-) and (G,o) be two distinct groupoids that are isotopic under a triple 
(U,V,W). Now, if (L,-) and (G,o) are S-groupoids with S-subsemigroups L' and G' respectively 
such that A : L' > G’, where A€ {U,V,W}, then the isotopism (U,V,W) : (L,-) > (G,0) is 
called a Smarandache isotopism(S-isotopism). 

Thus, if U = V = W, then U is called a Smarandache isomorphism. Hence we write 
(L,)& (Go). 

But if (L,-) = (G,°), then the autotopism (U,V,W) is called a Smarandache autotopism (S- 
autotopism) and they form a group SAUT(L,-) which will be called the Smarandache autotopism 
group of (L,-). Observe that SAUT(L,-) < AUT(L,-). Furthermore, ifU =V =W, then U is 


called a Smarandache automorphism of (L,-). Such Smarandache permutations form a group 
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SAU M(L,-) called the Smarandache automorphism group(SAG) of (L,-). 


Now, set Hg = (L,-) x SAUM(L,-). If we define ’o’ on Hg such that (a,x) o (3,y) = 
(af,x3-y) for all (a,x),(B,y) € Hs, then Hs(L,-) = (Hs,°) is a S-quasigroup(S-loop) with 
S-subgroup (H’,o) where H’ = L' x SAUM(L) and thus will be called the Smarandache 
Holomorph(SH) of (L,-). 

The aim of the present study is to further strengthen the use of the Keedwell CIPQ against 
attack on a system by the use of the Smarandache Keedwell CIPQ for cryptography in a similar 
spirit in which the cross inverse property has been used by Keedwell. This is done as follows. 
By constructing two S-isotopic S-quasigroups(loops) U and V such that their Smarandache 
automorphism groups are not trivial, it is shown that U is a SCIPQ(SCIPL) if and only if V 
is a SCIPQ(SCIPL). Explanations and procedures are given on how these SCIPQs can be used 
to double encrypt information. 


§2. Preliminary Results 


Definition 2.1(Smarandachely Keedwell CIPQ) Let Q be an initial S-quasigroup with an initial 
S-subquasigroup P. Q is called a Smarandachely Keedwell CIPQ(SKCIPQ) if P is isomorphic 
to the Keedwell CIPQ, say under a mapping ¢. 


The following results that have recently been established are of paramount importance to 


prove the main result in this paper. 


Theorem 2.1(Jaiyéola [10]) Let U = (L,®) and V = (L,®) be initial S-quasigroups such that 
SAUM(U) and SAUM(V) are conjugates in SSY M(L) 1.e there exists aw € SSY M(L) such 
that for any y € SAUM(V), y = dla where a € SAUM(U). Then, Hs(U) = Hs(V) if 
and only if x6 ® yy = (a8 @y)dV a,y EL, BE SAUM(U) and some 6,y € SAUM(V). 


Theorem 2.2(Jaifyéold [11]) The holomorph H(L) of a quasigroup(loop) L is a Smarandache 
CIPQ(CIPL) if and only if SAUM(L) = {I} and L is a Smarandache CIPQ(CIPL). 


§3. Main Result with Applications 


3.1 Main result 


Theorem 3.1 Let U = (L,®) and V = (L,®) be initial S-quasigroups(S-loops) that are 
S-isotopic under the triple of the form (6-18, y~1,6~+) for all 8 € SAUM(U) and some 
6,y € SAUM(V) such that their Smarandache automorphism groups are non-trivial and are 
conjugates in SSY M(L) i.e there exists aw € SSYM(L) such that for any y © SAUM(V), 
y = ~taw where a € SAUM(U). Then, U is a SCIPQ(SCIPL) if and only if V is a 
SCIPQ(SCIPL). 


Proof Following Theorem 2.1, Hs(U) = Hs(V). Also, by Theorem 2.2, Hs(U)(Hs(V)) 
is a SCIPQ (SCIPL) if and only if SAUM(U) = {I}(SAUM(V) = {1}) and U(V) is a 
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SCIPQ(SCIPL). 

Now let U be an SCIPQ(SCIPL), then since Hs(U) has a subquasigroup(subloop) that 
is isomorphic to a S-CIP-subquasigroup(subloop) of U and that subquasigroup (subloop) is 
isomorphic to a S-subquasigroup(subloop) of Hs(V) which is isomorphic to a S-subquasigroup 
(subloop) of V, V is a SCIPQ(SCIPL). The proof for the converse is similar. 


3.2 Application To Cryptography 


Let the Smarandache Keedwell CIPQ be the SCIPQ U in Theorem 3.1. Definitely, its Smaran- 
dache automorphism group is non-trivial because as shown in Theorem 2.1 of Keedwell [12]. 
For any CIPQ, the mapping J, : x — 2x? is an automorphism. This mapping will be trivial 
only if the S-CIP-subquasigroup of U is unipotent. For instance, in Example 2.1 of Keedwell 
[12], the CIPQ (G,0) obtained is unipotent because it was constructed using the cyclic group 
Cs =<c: c? =e > and defined as ao b = a°b. But in Example 2.2, the CIPQ gotten is not 
unipotent as a result of using the cyclic group Cj; =< c: cl! =e >. Thus, the choice of a 
Smarandache Keedwell CIPQ which suits our purpose in this work for a cyclic group of order 
n is one in which rs =n+1 andr+s#n. Now that we have seen a sample for the choice of 
U, the initial S-quasigroup V can then be obtained as shown in Theorem 3.1. By Theorem 3.1, 
V isa SCIPQ. 

Now, according to Theorem 2.1, by the choice of the mappings a, 3 € SAUM(U) and 
wv € SSYM(L) to get the mappings 6,7, a SCIPQ V can be produced following Theorem 
3.1. So, the secret keys for the systems are {a, 3,w,6} = {6,y,¢}. Thus whenever a set of 
information or messages is to be transmitted, the sender will enciphere in the Smarandache 
Keedwell CIPQ by using specifically the S-CIP-subquasigroup in it(as described earlier on in 
the introduction) and then enciphere again with {a, 3, w, 6} = {6, y, d} to get a SCIPQ V which 
is the set of encoded messages. At the receiving end, the message V is deciphered by using an 
inverse isotopism(i.e inverse key of {a,3,w} = {6,y}) to get U and then deciphere again(as 
described earlier on in the introduction) to get the messages. The secret key can be changed 
over time. The method described above is a double encryption and its a double protection. 
It protects each piece of information(element of the quasigroup) and protects the combined 
information(the quasigroup as a whole). Its like putting on a pair of socks and shoes or putting 
on under wears and clothes, the body gets better protection. An added advantage of the use 
of Smarandache Keedwell CIPQ over Keedwell CIPQ in double encryption is that the since 
the S-CIP-subquasigroups of the Smarandache Keedwell CIPQ in use could be more than one, 
then, the S-CIP-subquasigroups can be replaced overtime. 
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Abstract: A regular curve with more than 2 breadths in Minkowski 3-space is called a 
Smarandache breadth curve. In this paper, we study a special case of Smarandache breadth 
curves. Some characterizations of the time-like curves of constant breadth in Minkowski 


3-Space are presented. 
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§1. Introduction 


Curves of constant breadth were introduced by L. Euler [3]. In [8], some geometric properties 
of plane curves of constant breadth are given. And, in another work [9], these properties are 
studied in the Euclidean 3-Space E. Moreover, M. Fujivara [5] had obtained a problem to 
determine whether there exist space curve of constant breadth or not, and he defined breadth 
for space curves and obtained these curves on a surface of constant breadth. In [1], this kind 
curves are studied in four dimensional Euclidean space E?. 

A regular curve with more than 2 breadths in Minkowski 3-space is called a Smarandache 
breadth curve. In this paper, we study a special case of Smarandache breadth curves. We 
investigate position vector of simple closed time-like curves and some characterizations in the 
case of constant breadth. Thus, we extended this classical topic to the space E?, which is related 
with Smarandache geometries, see [4] for details. We used the method of [9]. 


§2. Preliminaries 


To meet the requirements in the next sections, here, the basic elements of the theory of curves 
in the space E}? are briefly presented. A more complete elementary treatment can be found in 
the reference [2]. 

The Minkowski 3-space E} is the Euclidean 3-space E® provided with the standard flat 


metric given by 
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(,) = —da? + dx3 + dz3, 


where (x1, %2,23) is a rectangular coordinate system of E?. Since (,) is an indefinite metric, 
recall that a vector v € E? can have one of three Lorentzian characters: it can be space-like 
if (v,v) > 0 or v = 0, time-like if (v,v) < 0 and null if (v,v) = 0 and v ¥ 0. Similarly, an 
arbitrary curve » = y(s) in E} can locally be space-like, time-like or null (light-like), if all of its 
velocity vectors y’ are respectively space-like, time-like or null (light-like), for every s € IC R. 
The pseudo-norm of an arbitrary vector a € E} is given by ||al| = \/|(a, a)|. ¢ is called an unit 


speed curve if velocity vector v of vy satisfies ||v|| = +1. For vectors v,w € E} it is said to be 
orthogonal if and only if (v,w) = 0. 


Denote by {7, N, B} the moving Frenet frame along the curve y in the space FE}. For an 
arbitrary curve y with first and second curvature, « and 7 in the space 3}, the following Frenet 
formulae are given in [6]: 


Let y be a time-like curve, then the Frenet formulae read 


yh 0 kK 0 T 
N’' = K 0 T N oy (1) 
B' 0 -r O B 


where 


(T,T) = —1, (N,N) = (B,B) =1, 
(T, N) = (T, B) = (T,N) =(N,B) =0 


Let a and b be two time-like vectors in E}. If a and b aren’t in the same time cone then 
there is unique real number 6 > 0 called the hyperbolic angle between a and b, such that 
g(a, b) = |\a|| ||b|| cosh 6. Let 0? = J(s) be a time-like curve in E}. If tangent vector field of this 
curve forms a constant angle with a constant vector field U, then this curve is called an inclined 
curve. 

In [7], the author wrote a characterization for the inclined time-like curves with the follow- 
ing theorem. 


Theorem 2.1 Let y = y(s) be an unit speed time-like curve in E}. y is an inclined curve if 
and only if 


“ = constant. (2) 
= 


§3. The Time-like Curves of Constant Breadth in E? 


Definition 3.1 A regular curve with more than 2 breadths in Minkowski 3-space is called a 


Smarandache breadth curve. 


Let y = y(s) be a Smarandache breadth curve. Moreover, let us suppose y = y(s) simple 
closed time-like curve in the space E}. These curves will be denoted by (C). The normal plane 
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at every point P on the curve meets the curve at a single point Q other than P. We call the 
point Q the opposite point of P. We consider a curve in the class I’ as in [?] having parallel 
tangents T and T* in opposite directions at the opposite points y and y* of the curve. A 
simple closed curve having parallel tangents in opposite directions at opposite points can be 
represented with respect to Frenet frame by the equation 


p*(s) = o(s) +m T + m2N + m3B, (3) 
where m;(s), 1 <i < 3 are arbitrary functions and y and y* are opposite points. Differentiating 
both sides of (3) and considering Frenet equations, we have 


dip* ds* d 


aie ‘ds ds d : (4) 
(<= + mK — m3T)N + (—= +m2T)B 
Since T* = —T. Rewriting (4), we have respectively, 
dm, 1 ds* 
ee Sie 
dg ds 
m2 
ha —M1K + M3T : (5) 
dms 
Prec 


If we call ¢ as the angle between the tangent of the curve (C) at point y(s) with a given 


fixed direction and consider ae ee have (5) as follow: 
s 


“dé = —mM2 — f(¢) 
ee eo (6) 
do 

ais = —M2PT 

do 


1 1 

where f(¢) = p+ p*, p = — and p* = — denote the radius of curvatures at y and y*, 
K K* 

respectively. And using system (6), we have the following differential equation with respect to 


m1 as 


a df d a df 2 Kd 


tT | d¢? dé th ° dd 
Equation (7) is a characterization for y*. If the distance between opposite points of (C’) and 


T 


(C*) is constant, then, we can write that 


le* — gl = mi m3 m3 = 1? = constant. (8) 
Hence, we write 
—m Fo + 2 Fe + ms = 0. (9) 
Considering system (6), we obtain 
m, (“2 + m2) =0. (10) 
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dm, 


We write m, = 0 or ae =—mzg. Thus, we shall study in the following subcases. 
d 
Case 1. =—my. Then f(¢) = 0. In this case, (C*) is translated by the constant vector 
u=mT+m2N +m3B (11) 


of (C’). Now, let us to investigate solution of the equation (7), in some special cases. 


Case 1.1 Suppose that y is an inclined curve. If we rewrite (7), we have the following 


differential equation: 
my 7? dm, 


age te Nag = — 


General solution of (12) depends on character of “Due to this, we distinguish following 
K 


subcases. 


Case 1.1.1 7 >x«. Then the solution above differential equation is: 


x me) 
my = C1 cos 4/ — — 19+ Cosin4/ > — 1¢. (13) 
K K 


And therefore, we have mz and m3, respectively, 


2 2 2 
mg = 2-1 {crs = — 16 — Cz.cos Zh (14) 
K K K 
T 7? . 7? 
m3 = — |Cicos{/— — 164+ Cosin4/—> —1¢] . (15) 
K K K 
where C; and C2 are real numbers. 
Case 1.1.2 + <x. Then the solution has the form 
Pe = 
1-56 - 1-3 ¢. 
my, = Aje K + Age K (16) 
Hence, we have mz and m3 as follows: 
a 7 
72 1-3 ¢ —\|1-—=3¢ 
m2 = \/1—— 4 —Ale KB“ + AsveAve Ki ; (17) 
K 
1-5 gel 
1-6 —,|1-+¢ 
m3=—|Aje\ *? + Age Kee] (18) 
K 


where A; and A» are real numbers. 


Corollary 3.1 Position vector of p* can be formed by the equations (13), (14) and (15) or 
(16), (17) and (18) according to ratio of a 
kK 
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Case 1.2 Let us suppose m, = cy; = constant # 0. Thus mz = 0. From (6)3 we easily have 


m3 = c3 = constant. And using (6)2 we get 


“= 3 = constant. (19) 
T Cl 


Equation (19) shows that » is an inclined curve. Therefore, Case 1.2 is a characterization 
for the inclined time-like curves of constant breadth in E?. Then the position vector of y* can 


be written as follow: 


ep =yptatT+c3B. (20) 

And curvature of y* is obtained as 
Ky =k. (21) 
Case 2 m, = 0. Then mz = —f(¢). And, here, let us suppose that y is an inclined curve. 


Thus, the equation (7) has the form 


ad? f 7? 
ae oan 22 
at i= (22) 
The solution of (22) is 
T _ 
f(¢) = Li. cos wots sin ras (23) 
where LZ; and Lz are real numbers. Using equation (23), we have mz and ms 
T t 
mz = —Li cos—¢ — Losin-—¢ = —p— p’, (24) 
K K 
m3 = L,sin—@ — Lysin —¢. (25) 
K K 
And therefore, we write the position vector and the curvature of y* 
* * a oF 
p=yt(-p-—p*)N+(li sin —¢ — Losin —9)B, (26) 
1 
= (27) 


_ 1 
Li cos —¢ + Losin —-¢ — — 
Ki Ki kK 
And the distance between the opposite points of (C) and (C*) is 


le" — || = Li} + L5 = constant. (28) 
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Abstract: A basis B for the cycle space C(G) of a graph G is called a d-fold if each edge 
of G occurs in at most d of the cycles in the basis 6. A basis B for the cycle space C(G) of a 
graph G' is Smarandachely if each edge of G occurs in at least 2 of the cycles in B. The basis 
number, b(G), of a graph G is defined to be the least integer d such that there is a d-fold 
basis of the cycle space of G. MacLane [20] made a connection between the the number 
of occurrence of edges of a graph in its cycle bases and the planarity of a graph, which is 
related with parallel bundles on planar map geometries, a kind of Smarandache geometries. 
In fact, he proved that a graph G is planar if and only if b(G) < 2. Jaradat [10] gave an 
upper bound of the basis number of the strong product of a graph with a bipartite graph in 
terms of the factors. In this work, we show that the basis number of the strong product of 
a theta graph with a cycle is either 3 or 4. Our result, improves Jaradat’s upper bound in 


the case of specializing the factors by a theta graph and a cycle. 
Key Words: Cycle space, cycle basis, Smarandache basis, basis number, strong product. 
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§1. Introduction 


In graph theory, there are many numbers that give rise to a better understanding and interpre- 
tation of the geometric properties of a given graph such as the crossing number, the thickness, 
the genus, the basis number, etc.. The basis number of a graph is of a particular importance 
because MacLane, in [20], made a connection between the number of occurrences of edges of a 
graph in its cycle bases and the planarity of a graph; in fact, he proved that a graph is planar 
if and only if its basis number is at most 2. For the completeness, it should be mentioned that 
a basis B of the cycle space C(G) of a graph G is Smarandachely if each edge of G occurs in at 
least 2 of the cycles in B 

Product of graphs occur naturally in discrete mathematics as tools in combinatorial con- 
structions. They give rise to important classes of graphs and deep structure problems. There 
are many graph products in the literature, such as, Cartesian product, strong product, lexico- 
graphic product, semi-strong product and semi-composition product. The extensive literature 
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on products that has evolved over the years presents a wealth of profound and beautiful results. 
This led Imrich and Klavzar to write a whole book on graph products [7]. 

The main purpose of this paper is to investigate the basis number of the strong product of 
a theta graph with a cycle. Our result improves the upper bounds that expected from applying 
Jaradat’s theorems. 


§2. Definitions and preliminaries 


Unless otherwise specified, the graphs considered in this paper are finite, undirected, simple 
and connected. For a given graph G, we denote the vertex set of G by V(G) and the edge set 
by E(G). 

For a given graph G, the set € of all subsets of E(G) forms an |E(G)|-dimensional vector 
space over Z2 with vector addition X BY = (X\Y)U(Y\X) and scalar multiplication 1-X = X 
and 0: X =@ for all X,Y € €. The cycle space, C(G), of a graph G is the vector subspace of 
(E,®,-) spanned by the cycles of G. Note that the non-zero elements of C(G) are cycles and 
edge disjoint union of cycles. It is known that for a connected graph G the dimension of the 


cycle space is the cyclomatic number or the first Betti number 
dim C(G) = |E(G)| — |V(G)| +r (1) 


where r is the number of components in G. 

The first important use of the basis number dates back to MacLane [20] when he made 
the connection between the basis number of a graph and the planarity. There after, in 1981, 
E. Schmeichel [21] formalized the definition of the basis number of a graph as follows: A basis 
B for C(G) is called a cycle basis of G. A cycle basis B of G is called a d-fold if each edge of G 
occurs in at most d of the cycles in B. The basis number, b(G), of G is the least non-negative 
integer d such that C(G) has a d-fold basis. 

Latter on, Schmeichel [21] investigate the basis number of the known classes of graphs such 
as the complete graphs K,, and the complete bipartite graphs Ky. In fact, he proved that 
b(K,) = 8, forn >5 and b(K; m) = 4 for all n,m > 5 except a few numbers of graphs. Also, 
he proved that for any positive integer r, there exists a graph G with b(G) > r. After that, he 
joined Banks to prove that the basis number of n-cube is 4 for all n > 7 (see [6]) 

Since 1992, many researchers were attracted to study the basis number of graph products. 


The Cartesian product, 0, was studied by Ali and Marougi [3] when they gave the following 


result: 


Theorem 2.1 (Ali and Marougi) If G and H are two connected disjoint graphs, then b(GOH) < 
max{ b(G)+A(Ty), b(H)+A(Le)} where Ty and Tg are spanning trees of H and G, 


respectively, such that the maximum degrees A(T) and A(Tg) are minimum with respect to 


all spanning trees of H and G. 


Also, Alsardary and Wojciechowski [4] proved that for every d > 1 and n > 2, b(K@) < 9 where 
K¢ is a d times Cartesian product of the complete graph Ky. 
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Upper bounds of the strong product, Kl, were obtained by Jaradat [11], [14] and [15] when 
he gave the following results: 


Theorem 2.2(Jaradat) Let G be a bipartite graph and H be a graph. Then b(H XG) < 
max {b(G) +1,2A(G) + (H) -1, | Ago | ,b(H) + ah. 


Theorem 2.3(Jaradat) Let G be a bipartite graph and C be a cycle. Then b(GRIC) < 4+0(G). 


The lexicographic product of two graphs G and H, G[H], was studied by Jaradat and 
Al-zoubi [17] and Jaradat [13]. They obtained the following results: 


Theorem 2.4 (Jaradat and Al-Zoubi) For each two connected graphs G and H, b(G[H]) < 
Max{4,2A(G) +b(H),2+ 0(G)}. 


Theorem 2.5(Jaradat Let G,T; and T2be a graph, a spanning tree of G and a tree, respectively. 
Then, b(G[T2]) < b(G[H]) < max {5,4+ 2A(TS,,) + b(H),2+6(G)} where T° stands for the 
complement graph of a spanning tree T in G and Tin stands for a spanning tree for G such 
that A(TS,,) = min{ A(T°)|T is a spanning tree of G}. 

Ali [1], [2] gave an upper bound for the basis number of the semi-strong product, e, and 
the direct product, x, of some special graphs when he proved that b(K,, e K,) < 9 for any 
integers m,n and b(C,, x Cy) = 3 for any two cycles C, and C,, with n,m > 3. Also the 
following upper bound (among other results) were obtained by Jaradat [8], [9], [14] and [18]: 


Theorem 2.6(Jaradat) For each bipartite graphs G and H, b(G x H) <5+0(G)+0(#). 


Theorem 2.7 (Jaradat) For each bipartite graphs G and H, 


if both of Tg and Ty are paths, 


if Ty is a path, 
b(Ge H) < max{b(G) + b(H) + ,A(Ta) + b(H1)} 


if Tg is a path, 


aD oOo eR Ww 


if both of Tg and Ty are not paths. 


The wreath product, was studied by Jaradat and Al-Qeyyam (See [5], [12] and [16]). 

For completeness, we recall that for any two graphs G and H, the strong product G 
HT is the graph with the vertex set V(G KX H) = V(G) x V(#) and the edge set E(G 
A) = {(u1, u2)(v1, v2)\uivr1 € E(G) and ug = v2 or uy = v1 and ugvg € E(HA) or uv € 
E(G) and ugvo € E(H)}. The Cartesian product GOA is the graph with the vertex set 
V(GOA) = V(G) x V(#Z) and the edge set E(GOH) = {(u1, v2) (v1, v2)|\uivi € E(G) and ug = 
vg Or Uy = V1 and ugvo € E(H)}. Also, the direct product G x H is the graph with the 
vertex set V(G x H) = V(G) x V(H) and the edge set E(G x H) = {(u1, u2)(v1, v2)|\uivi € 
E(G) and ugv2 € E(H)}. 

In the rest of this paper, fg(e) stand for the number of elements of B containing the edge 
e where B CC(G). 
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§3. The basis number of 0, X C,, 


In this section we investigate the basis number of the strong product of theta graphs and cycles. 
In fact we show that 3 < b(@, KXC,,) < 4. Throughout this section we assume that 1,2,...,n 
and 1,2...,m to be the vertices of 6, and C,, respectively. 


Definition 3.1 A theta graph 0,, is defined to be a cycle to which we add a new edge that joins 


two non-adjacent vertices. We may assume 1 and 6 are the two vertices of 0, of degree 3. 


Applying Theorem 2.2 for the case H = 0, and G to be a cycle of even length Cy, we get 
b(0, XC) < max {2,5,3,4} = 5. Also, applying the same theorem by considering H = C,,, and 
G to be a theta graph that contains no odd cycles 0,,, we get b(C,, KX @,) < max {3, 6,3, 4} = 6. 
Moreover, by specializing G in Theorem 2.3 to @,, that contains no odd cycle, then b(0, HC) < 
6. However, these upper bounds will be reduced to 4 as we will see in Theorem 3.6. Now, for 


this purpose, we consider the following cycles: For each j = 1,2,...,m — 2, set 
AY = (1, 9)(2,9 +1), 9 + 2)(6,5 + 1)(1, 9), 
AP = (6,9)(6-1,5+D(6,5+2)0,5+1) (6,5), 
and let 
m—2 = 2 
A, = U AY and A U Ay 
j= a= 


The following result will be useful in our main result. 


Lemma 3.2 Every linear combination of cycles of A, U A2 contains at least one edge of 
{(1,9)(65 +1), 7+ D6 AL <7 <m— 2}. 


Proof Consider O to be a linear combinations of cycles of Ai U A®, Then 
0- GA eG? 
eal 


where AG € Aj, AG € Ao, li < lo < ++: < 1,, and 2) < 22 <--- < 2,,. Now, let 
t; = min{1,, 21}. We now consider the following two cases. 


Case 1. ¢t, = 1,. Then by the definition of Aj, Aly contains the edge (1, 11)(6,,11 + 1) 
where 1, < m— > Since B(A”) n B(AM) = g, (1,11)(6,,11 + 1) ¢ AS”? for each 1 < 
j < s,. Also, since 1; < 2), (1,11)(6,,11 + 1) ¢ AP) for each 1 < j < 89. Therefore, 
(1,11)(6,,1, +1) € O. 


Case 2. t; = 2;. Then we argue more or less as in Case 1, to have that (1,2:+1)(6,,21) € O 
where 2) <m-—2. 


Now, for 7 = 1,2,...,m—1, consider the following set of cycles: 


Kj = (1,9)(6,9) 9 + 1) (6,5 +10, 4), 
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and let 


m—-1 
= |) Ke 


j=l 


Lemma 3.3 Every linear combination of cycles of K contains at least one edge of {(1,7)(6,j)|1 < 
j<m-— I}. 


Proof Let 


where Kj, € K and ji < jo <--+< js <m-—1. Then by the definition of K, 


E(K;,) 0 B(Uja2K 3.) S (a + DG A + D}- 


But, (1, 91) (6, 91) €E E\K,, ). Hence, (1, 91) (0, J1) EO. 


Lemma 3.4 Let 0, be a graph of order n > 4 and C,, be a cycle of order m > 3. Then 
b (0, KC) > 3. 


Proof Assume that 6, XC, has a 2-fold basis 6. Since the girth of 0, XC, is 3, we 
have that 


3|B]) < 2|E(@, XC,)| 
3(38m(n+1)+1) < 2(38m(n +1) +nm) 
9mn+9m+3 < 6mn+6m+2nm 
mn+3m+3 < 0 
m(n+3)+3 < 0 


which is a contradiction. Hence B(6,, XK C,,) is a 3-fold basis. 


The following result of Jaradat and et al. will be needed in our coming result: 


Proposition 3.5 (Jaradat and et al)Let A and B be two linearly independent sets of cycles 
such that F(A) N E(B) subset of an edge set of a forest or an empty set. Then AUB is linearly 
independent. 


The following cycles which were introduced in [11] will be used frequently in the coming 
results. 
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La = {co = (a, vj) (b, vj41)(@, 07-41) (a, v;)|F = 1,2,3,--- ,m—1} 
U {LO = (a,rn)(6,v1)(a,21)(a,%n)} 

Ty, = {ro = (a, vj) (a, ¥j41) (0, 07) (@, 05) |F = 1, 2,3,-+- ,m— 1} 
{7 = (a,v4)(a,01)(0,0n)(@,0%)} 

a = {s = (a, v341)(6, vz) (6, vj41) (@, ¥741)[9 = 1,2,3,--- ,m— 1} 


U {s = (a, U1) (0, Un) (b, v1)(a,v1)} : 


Also 


(a, v1) (b, V2) (a, v3)(b, U4)... (A, Un—1)(, Un) (a, V1) if m is even, 


(a, v1) (0, V1) (a, v2) (b, U3)... (@, Un—1) (0, Un) (a, V1) if m is odd. 


= 
Let 


Bap = Lab U Tab U Sap and B*, = Bay — {S°™} U {Fim} 


Moreover, by Theorem 2.6 of [11], we have that 


dimC(C;, KX Cy,) = 38mn + 1. (2) 


Note that 6,, 1 C,, is decomposable into (C;, KX Cy) U daON,,) U (la x Cy) where N,, is the 
null graph with vertex set V(C,,,). Thus, 


dimC(@,KXCm) = dimc(C, XCp)+m-+2m, (3) 
= 3mn+3m-+1. (4) 


Now, we state and prove our main result. 


Theorem 3.6 For any graph 6, of order n > 4 and cycle Ci, of order m > 3, we have 
3<b(6, KC) < 4. 


Proof By Lemma 3.4, it is sufficient to exhibit a 4-fold basis, B, for C(0,,XIC,,,). According 
to the parity of m,n and 6 (odd or even), we consider the following cases. 


Case 1. m and n are even and 6 is odd. Then define 
n-1 
B(On & Cm) = (U is) U Br 4, UALU As UKU {CFU {Ch, Co, C3, C4, C5} 
i=1 


where Ba, and Bz 4, are as in above and 


Qi+1 at 


C = (1,1)(2,2)(3, 1)(4, 2)...(n — 1, 1)(n, 2)(1, 1). 


Also, 
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Cy = (1,m—1)(2,m)(3,m)(4,m)... (6,m) (l,m —1). 

Cy = (1,1)(1,m)(6,m)(1, 1). 

Cz = (6,1)(6 + 1, 2)(6, 3)...(6,m — 1)(1, m) (6,1). 

C4 (1, 1) (2, m) (3, 1) (4m)... (6, EL, m) (2, F) (8, m) ... (6m) (1, 1). 
C5 = (1,m)(2,1)(3,m)(4, 1)...(6,7m) (1, m). 


Let 6, = ee Bazaiz, UBZ 4, U{C}. Note that B, =B(C,NC,,,) is a basis for C(C, KIC) 
(see Theorem 2.6, Case 1 of [11]). Thus, 6, is linearly independent. Note that C5 contains 
the edge (6,m)(1,m) which does not appear in any cycle of B,. Hence, B; U {C5} is linearly 
independent. Now, C2 contains the edge (6,m)(1,1) which does not appear in any cycle of 
B,U {C5}. So, By U{Cs5, Co} is linearly independent. Similarly, the cycle C4 contains the edge 
(6, 1)(1,m) which does not appear in any cycle of By U U{Cs, Co}. Thus, By U {C2, C4, Cs} is 
linearly independent. Also, C3 contains the edge (6,m—1)(1,m) which does not appear in any 
cycle of By U{C2, C4, Cs}. Therefore, By U {C2, C3, C1, Cs} is linearly independent. Finally, Cy 
contains the edge (1,m — 1)(6,m) which does not appear in any cycle of By U {C2, C3, C1, Cs}. 
Thus, ByU{C), C2, C3, C4, Cs} is linearly independent. By Lemma 3.2, any linear combination of 
cycles of A; UAg contains at least one edge of {(1, 7)(6, +1), (1, 7+1)(4,9)|1 < 7 < m—2} which 
does not occur in any cycle of By U{C), C2, C3, C4, Cs}. Thus, B} UA,U A2U{C1, C2, C3, Ca, Cs} 
is linearly independent. Similarly, by Lemma 3.2, any linear combination of cycles of K contains 
at least one edge of {(1,7)(6,7)|1 < 7 < m— 1}, which does not occur in any cycle of By U.A,U 
Ao U {C1, C2, C3, C1, Cs}. Therefore, 6(0,, Kl C,,) is linearly independent. Note that 


5 
|Ba| + || + | Aa] + |Ao| + 52 |Cil 


i=l 


|B(@n BCn)| 


= 3mn+1+ |K)+|Ail +|Aal+ 5° 1C| 


= 38mn+1+4+(m—1)4+(m—-2)4+(m—2)4+5 
= 3mnt+3m+1 

= 8m(n4+1)4+1 

= dimC(@,XC,), 


where the last equality follows from equation (4). Therefore, B(@,, KI C;,) is a basis for C(An 
Cm). To complete the proof of this case, we show that B(0@, KC,,) is a 3-fold basis. Let 
e € E(6,XC,,). Then 1) if e = (1,m—1)(2,m), then fg,(e) = 1, fa,uszsux(e) = 0 and 
fre.ys_,(e) = 1. 2) Ife € {(@, m)(@+1, m)|t = 2,3,..., m—1}, then fg, (e) = 2, faussux(e) = 0 
and fig,}s_,(e) = 1. 3) Ife = (1,m)(6,m) or (1,1)(4, 1), then fiz, (e) = 0, faruAsux(e) = 1 and 
fic.y(e) < 2. 4) Ife = (1,1)(1,m), then fiz, (e) = 2, faussuc(e) = 0 and fro,}s_ (e) = 1. 5) If 
e € {(i, 1)(@+1, m), (¢41, 1) (2%, m)|2 = 1, 2,...,n—-1}U{(1, 1)(n, m), (1, m)(6,1)} , then fz, (e) = 
0, fauAux(e) = 0 and fro,jys_(e) < 2. 6) Ife € {(1,9)(2,5 + Dlg = 1,2,...,m— 2} ULO— 
1,9)(6,5 + 1)|j = 1,2,...,m—1}, then fs, (e) =1, fase) = 1 and fre,js_(e) = 0. 7) If 
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e € {(1,7+1)(2, 9), (6-1, 7+1)(6, 7) [9 = 1,2,...,m—1}, then fz, (e) = 2, fajuazuc(e) = 1 and 
fra.3s_, (©) = 0. 8) Ife = (1,m—1)(6,m) or (1,m)(d,m—1), then fg, (e) = 0, fa,uasuc(e) = 1 
and fro,}s_,(e) = 1. 9) Ifee { (1,9)(6,5+0), (1,5+1)(6,9)|9 = 1,2,...,m—2}, then fas, (e) = 0, 
Fauawucle) $2and froys_,(€-) = 0. 10) ee { GAS +15+ (65+ E+ LAY = 
1,2,...,m—1}, then fg,(e) < 2, fa,uauK(e) = 0 and frg,35_ (e) < 1. ife is not of the above 
form, then fp,(e) < 3, faruAuKc(e) = 0 and f¢,35_ (e) = 0. From all of the above, we have 
that f(o,uc,,)(€) < 3. 


Case 2. mand 6 are even and n is odd. Then define 


n-1 
B(On B@ Cm) = (U Buss) U Br 4, VALU Ag UKU {C*, C1, C2, C3, Ca, C5} 
i=1 


where 
C* = (1, 1)(2,2)(3, 1)(4, 2)...(m, 1), 1) 
and Bajai41,Bi,a,, A1,A2,K, C1, Cz and C3 are as defined in Case 1 and 
Cy = (1,1)(2,m)(3, 1)(4,m)...(6,m) (1, 1), 


By the same argument as in Case 1 of Theorem 2.6 of [11], we show that (aaa Bia) U 
B* , U{C*} is linearly independent. Following, more or less, the same proof of Case 1 by 


anQ1 


replacing C' with C*, we can show that 6(0,, Kl C,,) is a 4-fold basis for C(O, K Cm). 


Case 3. m,n and 6 are even. Then we define 
n-1 
B(On & Cm) = (U Pans) UB* ,, UALU As UKU{C, C1, Ca, Cs, Ca, C5}; 
i=1 


where Bajai41,B3,a,, A1,A2,K, C1, C2, C3,C4 and Cs are as defined in Case 2 and C is as in 
Case 1. By following, word by word, the proof of Case 2 after replacing C* by C we get that 
B(@, XC) is a 4-fold basis. 


Case 4. m is even and 6 and n are odd. By relabeling the vertices of 0, in the opposite 


direction, we get a similar case to Case 2. 


Case 5. m is odd and n and 6 are even. Then we define 


n—1 
B(On & Cm) = (U Bs) U Br 4, UALU As UKU {CY U {Ch, Co, C3, Cu, Cs} 
i=1 
where Boja:,,, B34, and C are as defined in Case 1. Also, Ai, Az, K, C2, Ca,Cs, are as in 
Case 3, and 
Cy = (1,m)(2,m)(3,m)(4,m — 1) (5,m) (6,m — 1) dd, 078-—= 1) (1,m), 
C3 = (1,m—1)(2,m)(3,m— 1)(4,m)...(6,m)(1,m — 1). 
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Let By = UPD) Baiaiy, UBt 4, U{C}. Note that B, =B(C, XC.) is a basis for 
C(C, Bl Cm) (see Theorem 2.6 Case 2 of [11]). Thus, 6; is linearly independent. Note that 
E(B,)N E(C4) = {(1, 1)(2, m), (2, m) (3, 1),..., (6 — 1,1) (6, m)} which is an edge set of a path. 
Thus, by Proposition 3.5, Bj U{C4} is linearly independent. Similarly, E(B, U{C4}) 9 E(Cs) = 
{(1,m)(2, 1), (2,1)(8,m),..., (6-1, m) (6, 1)} which is an edge set of a path. Thus, by Proposi- 
tion 3.5, By U{C4, Cs} is linearly independent. Also, E(B, U{C4,C5})N E(C2) = {(1,m)(1, 1), 
(1, 1)(6,m)} which is an edge set of a forest. Thus, By U {C2, C4, C5} is linearly independent. 
Now, since E(C,)N E(C3) = @ and 


E(C, UC3) 9 E(B, U {C2, Ca, Cs}) = {(i,m—1)G@+1,m)|1<i<d-1}U 
{(i,m)(i+1,m—1)|2 < i<6—-—1}U{(1,m)(2,m), (2,m)(3,m)}, 


which is an edge set of a tree, we have that B, U {C1, Co, C3, C1, Cs} is linearly independent. 
Now, by a similar argument as in Case 1, we can show that B(6,, Xl C,,) is a 4-fold basis. 


Case 6. m and n are odd and 6 is even. Then we define 


n—1 
B(6, Cm) = Bis (UB A AS CUNG" C65, COG. 
+ n@lL 


i=l 


where Ba,a;41, Baa,» At, A2,K, C1, C2, C3, C4 and Cs are as defined in Case 5 and C™ is as in 


Case 2. To this end, we use the same argument as in Case 5 to show that B(6, Ki C,,) is a 
4-fold basis. 


Case 7. m,n and 6 are odd. Then we define 


n—1 
BO, XC) = Bajai, | VBR 4, VALU Ag UK U {C%, Ch, Co, C3, Ca, Cs}, 
+ na. 


i=l 


where Bo;a;,,,B3,,4, are as defined above, K,A1, Ag ad C2 are as in Case 5 and C* is as in Case 


2. Also, we set, 


CL = (1m—1)(2,m)(3,m—1)(4,m)... (6 — 1m) (6,m) (1,m— J), 
Cs = (1,m)(2,m—1)(3,m)(4,m— 1)... (6— 1,m—1) (6,m— 1) (1,m), 
Ce = (1,m)(2,m)(3, 1)(4,m)(5, 1)...(5, 1)(1,m), 

Cs = (1,1)(2,1)(38, m)(4, 1) (5, m)...(6, m)(1, 1). 


As in Case 2, we can see that By = (a, Bee) UB* Woke C* is linearly independent. 
Now, the cycle C; contains the edge (6,m) (1, m— 1) which does not appear in any cycle of By. 
Hence B; U{C;} is linearly independent. Also, Cy contains the edge (6, 1) (1,m) which does not 
appear in any cycle of B; U{C;}. Thus, B; U {C;, C4} is linearly independent. Cs contains the 
edge (1,1) (6,m) which does not appear in any cycle of By U {C,, Cy}. So, By U {Cy, C4, Cs} is 
linearly independent. C2 contains the edge (1, m) (d,m) which does not appear in any cycle of 
B, U{C1, C4, C5}. Hence By U{C1, C2, C4, Cs} is linearly independent. Finally, C3 contains the 
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edge (1,m) (6,m— 1) which does not appear in any cycle of B; U {Ci, Co, C1,Cs}. Therefore, 
B, U{Cy, C2, C3, C4, Cs} is linearly independent. To this end, to complete this case, we use 
the same argue as in Case 1. 


Case 8. m and 6 are odd and n is even. By relabeling the vertices of 0, in the opposite 


direction, we get a similar case to Case 7. 


By noting that C,,, & @, is isomorphic to 0, Kl Cm, we get the following result: 


Corollary 3.1 For any graph 0, of order n > 4 and cycle Cy, of order m > 3, we have 
3 <b(Cm HO,) < 4. 
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Abstract: A regular curve in Minkowski space-time, whose position vector is composed 
by Frenet frame vectors on another regular curve, is called a Smarandache Curve. In this 
paper, we define a special case of such curves and call it Smarandache TB2 Curves in the 
space E}. Moreover, we compute formulas of its Frenet apparatus according to base curve 
via the method expressed in [3]. By this way, we obtain an another orthonormal frame of 
Ej. 

Key Words: Minkowski space-time, Smarandache curves, Frenet apparatus of the curves. 
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§1. Introduction 


In the case of a differentiable curve, at each point a tetrad of mutually orthogonal unit vectors 
(called tangent, normal, first binormal and second binormal) was defined and constructed, 
and the rates of change of these vectors along the curve define the curvatures of the curve in 
Minkowski space-time [1]. It is well-known that the set whose elements are frame vectors and 
curvatures of a curve, is called Frenet Apparatus of the curves. 

The corresponding Frenet’s equations for an arbitrary curve in the Minkowski space-time 
E} are given in [2]. A regular curve in Minkowski space-time, whose position vector is composed 
by Frenet frame vectors on another regular curve, is called a Smarandache Curve. We deal with 
a special Smarandache curves which is defined by the tangent and second binormal vector 
fields. We call such curves as Smarandache TBz Curves. Additionally, we compute formulas 
of this kind curves by the method expressed in [3]. We hope these results will be helpful to 


mathematicians who are specialized on mathematical modeling. 


§2. Preliminary notes 


To meet the requirements in the next sections, here, the basic elements of the theory of curves 
in the space Ej are briefly presented. A more complete elementary treatment can be found in 
the reference [1]. 

Minkowski space-time E} is an Euclidean space E* provided with the standard flat metric 
given by 
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g = —dxi + dx3 + dx3 + dai, 


where (x1, 22,13, 4) is a rectangular coordinate system in E}. 

Since g is an indefinite metric, recall that a vector v € E} can have one of the three 
causal characters; it can be space-like if g(v,v) > 0 or v = 0, time-like if g(v,v) < 0 and null 
(light-like) if g(v,v)=0 and v 4 0. Similarly, an arbitrary curve a = a(s) in E} can be locally 
be space-like, time-like or null (light-like), if all of its velocity vectors a’(s) are respectively 
space-like, time-like or null. Also, recall the norm of a vector v is given by |lv|| = \/|g(v, v)]. 
Therefore, v is a unit vector if g(v,v) =+1. Next, vectors v,w in FE} are said to be orthogonal 


if g(v, w) = 0. The velocity of the curve a(s) is given by ||a’(s)]|| . 

Denote by {T(s), N(s), Bi(s), Bo(s)} the moving Frenet frame along the curve a(s) in 
the space E}. Then T, N, B,, By are, respectively, the tangent, the principal normal, the first 
binormal and the second binormal vector fields. Space-like or time-like curve a(s) is said to be 


parametrized by arclength function s, if g(a’(s),a’(s)) = +1. 
Let a(s) be a curve in the space-time E}, parametrized by arclength function s. Then for 
the unit speed space-like curve @ with non-null frame vectors the following Frenet equations 


are given in [2]: 


ee 0 k 0 0 T 
N' —-k 0 7 0 N 
= : (1) 
Bi 0 -—-—T oO By, 
Bs 0 0 oa Bo 


where T, N, B; and Bz are mutually orthogonal vectors satisfying equations 
G(T, T) = g(N, N) = g( Bi, Bi) = 1, g( Be, Bz) =-l. 


Here «,7 and o are, respectively, first, second and third curvature of the space-like curve a. 
In the same space, in [3] authors defined a vector product and gave a method to establish the 


Frenet frame for an arbitrary curve by following definition and theorem. 


Definition 2.1 Let a = (a1, a2, a3, a4), b = (b1, be, b3,b4) and c = (c1, C2, ¢3, C4) be vectors in 


E}. The vector product in Minkowski space-time E} is defined by the determinant 


—e€, €2 €3 €4 
a a a a 

a\b\c=— ° ee ; (2) 
by bg bg bg 


C1 C2 C3 C4 


where e€1,€2,e3 and e4 are mutually orthogonal vectors (coordinate direction vectors) satisfying 


equations 


ei Neg \e3 =e4 , C2Ne3Ne4=—e€1 , e3Ne4N€1 =e€2 , €C4N€1 A €2 = —€3. 
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Theorem 2.2 Let a = a(t) be an arbitrary space-like curve in Minkowski space-time E} with 
above Frenet equations. The Frenet apparatus of a can be written as follows; 


a’ 


Tal’ "2 


_ lla’? 2" — g(a’, a"").0" 


lle? a!” — g(a’, a”’).a! 


B, =uNATA Bo, (5) 


gn TAN AO 
2 PUT AN Aa)’ 


a"? a" = g(a’, a").al! 


«= (7) 


4 
Ilo"|| 


TAN A al]. llo'l| 
— 


or? a” — g(a’, a”).a! 


and 


ge 90, Ba) (9) 


TAN A al". \ja’|l’ 


where ps is taken —1 or +1 to make +1 the determinant of |T,N, By, Bo] matric. 
§3. Smarandache Curves in Minkowski Space-time 


Definition 3.1 A regular curve in E{, whose position vector is obtained by Frenet frame vectors 


on another regular curve, is called a Smarandache Curve. 


Remark 3.2 Formulas of all Smarandache curves’ Frenet apparatus can be determined by the 
expressed method. 


Now, let us define a special form of Definition 3.1. 


Definition 3.3 Let € = €(s) be an unit space-like curve with constant and nonzero curvatures 

k,T and o; and {T,N, By, Bo} be moving frame on it. Smarandache TBy curves are defined 
with i 

X = X(sx) = SS ———— (1s) + Ba(s)). 10 

(9x) =§ Faas (M0) + Bala) (10) 


Theorem 3.4 Let € = &(s) be an unit speed space-like curve with constant and nonzero cur- 
vatures k,T anda and X = X(sx) be a Smarandache TB curve defined by frame vectors of 
€ = €(s). Then 
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(i) The curve X = X(sx) is a space-like curve. 
(it) Frenet apparatus of {Tx,Nx,Bix, Box,kx,Tx,0x} Smarandache TBz curve X = 
X(sx) can be formed by Frenet apparatus {T,N, By, Bo, %,7,0} of € = €(s). 


Proof Let X = X(sx) be a Smarandache TBz curve defined with above statement. Dif- 
ferentiating both sides of (10), we easily have 


dX dsx 1 
— = ———— (KN 4+ 08)). 11 
ie ae = TE ) (11) 
The inner product g(X’, X’) follows that 
G(X", X') =1, (12) 


where ' denotes derivative according to s. (12) implies that X = X(sx) is a space-like curve. 


Thus, the tangent vector is obtained as 
1 
Tx = ——————— (kN + 0 B}). 13 
ae OF TIO} . oe 


Then considering Theorem 2.1, we calculate following derivatives according to s: 


1 
X" = ————(—*?T — to N +: kT By +07 Bo). 14 
Jaa , a oa 
mw _ 1 ee 2 ; 3 2 . 
X = wae ee kK? — KT-)N + (0° — T°0) By, + KTO Ba]. (15) 
(Iv) 1 
= ——— (...)T + (...)N F (...) By + (04 — 7707) Ba]. (16) 


Vero 
Then, we form 
1 
Vator 


Equation (17) yields the principal normal of X as 


XP A eX = [-«°T — toN + «7B, + oBy]. (17) 


all N+«7TB,+oB: 
Nx = K TO KT D1 oO 2 (18) 
Van +o + ere + OF 


Thereafter, by means of (17) and its norm, we write first curvature 


—KA + 7202 + K27?2 +o? 
\ K* +0 


The vector product Ty \ Nx AX" follows that 


Tx \Nx AX" = Z [Ko(K? + 0?)(7? — o)T + KT07(K? +0)N 


’ (20) 
A —K?70(k? +0)B, + K7(K?2 + 07)(K? + 77) Bo] 


= 1 my . 
where, A = (a Shortly, let us denote Tx A Nx AX’ with 1,T + 


loN + 13B, +1,B 2. And therefore, we have the second binormal vector of X = X(sx) as 


LT+bN+13B,4+UuB 
Seen + logN + l3 By + ba 2 (21) 


VJ-H+4+44+ 
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Thus, we easily have the second and third curvatures as follows: 


= (“Ht +15 +3 + Ua) (n? + 07) (22) 
i —K44 7202 + 627? +07 ” 
ae 
te AB age a : aah (23) 
(Ke? +07) /-l +h +ig+l4 


Finally, the vector product Nx A Tx A Box gives us the first binormal vector 


[(Kol3 — o7lg — T(K? +07 )la]T — o(K7l4 + ol1)N 
a 
L | 46 («2l4 + oly) Br + [K2 (ola — 6213) + Thy (Ke? + 0?)| Bo 


1 
(-B4B413-+12)(n2+0?)(—K4 +7202 +n? 72-407)” 


where L = 


Thus, we compute Frenet apparatus of Smarandache TBg curves. 


Corollary 3.1 Suffice it to say that {Tx, Nx,Bix, Box} is an orthonormal frame of E}. 


Acknowledgement 


The first author would like to thank TUBITAK-BIDEB for their financial supports during his 
Ph.D. studies. 


References 


[1] B. O'Neill, Semi-Riemannian Geometry, Academic Press, New York, 1983. 

[2] J. Walrave, Curves and surfaces in Minkowski space. Dissertation, K. U. Leuven, Fac. of 
Science, Leuven, 1995. 

[3] S. Yilmaz and M. Turgut, On the Differential Geometry of the curves in Minkowski space- 
time I, Int. J. Contemp. Math. Sci. 3(27), 1343-1349, 2008. 


International J.Math. Combin. Vol.3 (2008), 56-78 


The Characterization of Symmetric Primitive Matrices 


with exponent n— 3 


Lichao Huangfu! and Junliang Cai? 


1. Beijing NO.4 High School, Beijing, P.R.China 
2. School of Mathematical Sciences of Beijing Normal University, Beijing, 100875, P.R.China. 


Email: caijunliang@bnu.edu.cn 


Abstract: An n x n nonnegative matrix A = (a;;) is said to be Smarandachely primitive 
if A* > 0 for at least two integers k > 0 and primitive if for some integers k > 0. The 
least such integers k is called the Smarandache exponent or exponent of A and denoted by 
75(A) and 7(A), respectively. The symmetric primitive matrices with exponent > n — 2 has 
been described in articles [4]-[9]. In this paper the complete characterization of symmetric 


primitive matrices with exponent n — 3 is obtained. 


Key words: Smarandachely primitive matrix, Primitive matrix, Smarandache exponent, 


exponent, primitive graph. 


AMS(2000): 05C10. 
§1. Introduction 


An n X n nonnegative matrix A = (a;;) is said to be Smarandachely primitive if A’ > 0 for at 
least two integers k > 0 and primitive if for some integers k > 0. The least such integer k is 
called the Smarandache exponent or exponent of A and denoted by y°(A) and 7(A), respectively. 
The associated graph of symmetric matriz A, denoted by G(A), is the graph with a vertex set 
V(G(A)) = {1,2,--- ,n} such that there is an edge from i to j in G(A) if and only if aj; > 0. 
A graph G is called to be primitive if there exists an integer k > 0 such that for all ordered 
pairs of vertices i,j € V(G)(not necessarily distinct), there is a walk from i to j with length 
k.The least such k is called the exponent of G, denoted by y(G). Clearly,a symmetric matrix 
A is primitive if and only if its associated graph G(A) is primitive. And in this case, we have 
(A) = 7(G(A)). By this reason as above, we shall employ graph theory as a major tool and 
consider y(G(A)) to prove our results. 

Let SE, be the exponent set of nx n symmetric primitive matrices. In 1986,Shaol! proved 
SE, = {1,2,--+ ,2n—2}\S, where S is the set of all odd numbers among [n,2n-2] and gave the 
characterization of the matrix with exponent 2n — 2. In 1990,Wangl®) gave the characterization 
of the matrix with exponent 2n — 4. In 1991, Li!®l obtained the characterization with exponent 
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2n—6. In 1995, Cai and Zhang"! derived the complete characterization of symmetric primitive 
matrices with exponent 2n — 2r(>n). In 2003, Cai and Wang!) got the characterization with 
exponent n— 1. In 2004,Cai!) characterized the matrix with exponent n — 2. The purpose of 
this paper is to go further into the problem and give the complete characterization of symmetric 


primitive matrices with exponent n— 3. 


§2. Some lemmas on 7(G) 


For convenience, We will narrate the lemmas with graph theory below. 


Lemma 2.1"! G is a primitive graph iff G is connected and has odd cycles. 


The local exponent from vertex u to v, denoted by y(u,v), is the least integer k such that 
there exists a walk of length / from wu to v for all 1 > k.We denote y(u,u) by y(w) for short. 


Lemma 2.2") If G is a primitive graph, then 


G)= ,v). 
7(G) Peel v) 


We denote by P(u,v) the shortest walk from u to v in G. The length of P(u,v) is called 
the distance between u and v, denoted by dg(u,v). The diameter of G is defined as 


di G)= d. : 
iam(G) ales au, v) 


Let G, and G2 be two subgraphs of G.P(G1,G2) denotes the shortest walk between Gy 
and G»2.Its length 


dg(Gi, G2) = min{de(u, v) | WE V(G1),v E V(G2)}. 


[9] 


Lemma 2.3"! Let G be a primitive graph,and let u,v € V(G). If there are two walks from u 


to v with length k, and kg, respectively,where k; + kz = 1(mod ),then 
(u,v) < max{ky, kg} —1. 


Let u,v € V(G),we name the walk from u to v with different parity length to dg(u,v) a 
dissimilar walk, denoted by W(u,v). The shortest (u,v)-dissimilar walk is called the primitive 
walk between u and v, denoted by W,.(u, v), its length is denoted by b(u, v) [9]. 


Lemma 2.4!§! If G is a primitive graph, then 
(u,v) = b(u, v) — 1. 
Therefore, 
y(G) = max bd(u,v)—1. 


u,veEV(G) 


Lemma 2.5!8! Let G be a primitive graph, then 
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(2) y(u, v) 2 dg(u, v); 
(it) y(u, v) = de(u, v)(mod 2); 
(iti) y(G) > diam(G),and 7(G) = diam(G)(mod 2). 


Lemma 2.6!§! Suppose G is the primitive graph with order n. If there are u,v € V(G) such 


that y(u,v) = 7(G), then for any odd cycle C in G we have 


|V(P(u,v)) V(C)| <n— 7G). 


Apparently, any (u, v)-dissimilar walk is inevitably correlative with some odd cycle. And for 
any odd cycle C, there is a (u, v)-dissimilar walk correlative with C, we denote it by W(u, uv, C). 
Therefore, there must be some smallest odd cycle Co such that W,.(u,v) = W(u,v,Co). We 
call Co a (u, v)-primitive cycle or the primitive cycle of P(u, v). If there exists a (u, v)-shortest 
path which intersects with its primitive cycle Co, then we can choose some (wu, v)-shortest path, 
denoted by P(u,v) might as well, such that their intersected vertexes can be arranged on a 
path.Set p = |V(P(u, v)) 1V(Cp)|,then p < min{n—(G), [2], $(|Co| — 1)}. Ulteriorly, we have 


y(u, v) ae y(u, v, Co) 
= dg(u,Co) +|P(Co)| + da(v, Co) — 1 
= dg(u,v) + |Co| — 2(p — 1) —1, 


where P(Co) denotes the left part of Co which deletes the part in common with P(u,v). If the 
(u, v)-shortest path has at most one intersected vertex with its primitive cycle Co, there must 
be w € V(Cpo) such that de(u, Co) = de(u, w) and dg(v, Co) = dg(v, w). Further we have 


y(u, v) = ¥(u, v, Co) 
= de@(u,Co) + |Co| + da(v,Co) — 1 
= dg(u, w) + |Co| + dg(v, w) — 1. 


§3. Constructions of graphs 


Let G be a primitive graph with order n. If there exists a vertex w € V(G) such that y(w) = 
¥(G), we call G a graph of the first type, otherwise a graph of the second type. Firstly, we define 
a class of graphs NV;,—3 as follows: 

Denote the set Nn—3 = NY, U N®, U+--U Ni",”) where NO, <d<n-2,d= 
1(mod 2),n = 1(mod 2)) are defined as follows. 


Let n = 2r +3 and K = (V,E) be a graph, where the vertex set V = ( V; with 
O<i<r 
ViNV; = 00 <i<j<r)andVY, = {ux | l= 1,2,---,r+3}(k = 0,1,---,r),the edge set 


E = FE, VE, with E; = {uv | ue Vi,u € Vin1,0 <i <r—l}and Ep = {uv] u,v € V,}. For any 
odd number d such that 1 < d<n-— 2, lett = r—4(d-1). We put the path P; = ui0u1,1 °°: Uie 
and the cycle Cg = uiUi1441° °° U1,rU2,r ++ U2441U1,t,and set Kia = PU Ca which we call it 
a structural graph. Let the set of induced subgraphs with order n of K which contain Kg) be 
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K, For any N € K, we denote the spanning subgraph of N which contains subgraph K (d) 
by Nia), and define the set of graphs NV as: 


N® = {Nw | N¢ KO,1<d<n—-2,d= 1(mod 2)}. 


We mark the graphs of NV with NO, which satisfy the following qualifications: 
(1) diam(Nia)) <n — 3; 
(2) For any odd number d’ > d, there doesn’t exist the graph K(q) in Nia); 
(3) Let x be the vertex of Nig) such that dy,,)(z,Ca) > t, then there must exist a odd 


cycle C such that: 
2dnj4)(x,C) + |C| <n— 2. 


Let u; € V(P(x,Ca)) A P(t < t) be the vertex with the smallest subscript. If C is the odd 
cycle which doesn’t intersect with Ka) and has at most one intersected vertex with P(x, u;)(The 
shortest path from C' to P(x, u;) is denoted by P(w, z), where w € V(P(a,u;)) and z € V(C). 
And it suggests that C and P(a,u;) has only one vertex in common if w = z), and such that 


2dn,4)(w,) +|C| is as small as possible, then 


(2) if |C| +d=4 and dy, (x, ui) + dn, (w, 2) +|C| =t+ 3, then we must have 
2dniq)(w, 2) + |C| F 2(t— 74) +d. 
(ti) if |C| =d=1 and dy,,,(z, ui) + dn, (w,z) =t +1, then we must have 
dna) (w,z) Ati. 
(tii) if |C| =d=1 and dy,, (x, ui) + dn, (w, 2) = t+ 2, then we must have 
Idea (w, z) _ (t — i)| = 6. 


Another class of graphs M,,_3 is defined as follows: 
Let n— 3 = m+ 2r, then n — 3 = m(mod 2). Let T = (U,F) be a graph, where the 


vertex set U= VU U; with U;NU; = (0 < i<j <r) and U, = {un | k =0,1,---,n- 
O0<i<r 
1}(@i = 0,1,2,---,r), the edge set F = Fi UF) U F3 with FL = {ujurr | +1 +i+k = 


1(mod 2)},Fb = {uv | u,v € U,} and F3 = {uv | u € U,_1,u € U,}.We defined the set of graphs 
Mn—3 = Mo), U MY, U Me), U M®), as follows: 


(i) Construction of Mo: Let do,d, be the odd numbers such that 1 < do,d,; < 5 and 
2<dj+d, < 6,and to,t; be the positive numbers such that 2r +1 = 2to + do < 2t1 + d, 
and m+ to +t; +dy9 +d; < n+1. We put the path Po = uo.j;u1,;--- Ue; and the path 
Py = opts Uy i(0 <A <i <7 <m+h< n-1). Let Ca, be the cycle with length 
dg which has only one intersected vertex uz,,; with Po, while Cg, be the cycle with length 
d, which has only one intersected vertex uz,,; with P, and doesn’t intersect with Cg,. Put 
Kao,d, = P(uo,n, Yom+n) U Po U Py U Co UC), and call it a structural graph. Let V(do, di) = 
Vi (do, di )UV2(do, di), where Vi (do, di) = V(Kay,a,) with |Vi(do, di)| = m+to+tit+do+di—1 < 
n,and V(do,di) C U \ Vi(do, di) with |V2(do, di)| = to +3 —t, —d, < 2. Therefore, we have 
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|V (do, di)| = n. We choose the connected subgraph Ty,,a, of T[V(do,di)] to form the set of 
graphs M.,, where Ty),a, satisfies that: 

(1) diam(Tay,a,) <n — 3; 

(2) V(Tup.a,) = V(do, di), and E(Kay,a,) © E(Tay,a;); 


(3) there doesn’t exist a path P, and an cycle Cg, such that 2t2 + dz < 2to + do and they 
have only one common vertex wz,,1,where Pz = ug. ° ++ Uty,) With length t2 > 0 and Cg, is an 
odd cycle with length do; 


(4) if there exist a (Xa,j,Yp,:)-path with length p = tp + 4— t, — di < 3 which connects 
Po UC> to Py UC, in Taya, — E(Kay,a,), where 0 <a < to and 0 <b < ti, then we have 


a+b+p>j-t,a+b+i+ 7 =p(mod 2), 


and 
(2tp + do) — (2H, + di) — (p+i-—j)<a-—b<pti-yj; 


(5) if there exists a vertex x in Ty,a, such that dr, 4,(%,Co) = to and dry, 4, (%,C1) = 
to + $(do — di), there must exist an odd cycle C such that 


2dr,,,4, (ZC) + |C| < m+ 2r+1. 


(ii) Construction of Mo): Let m+ 2t9 +3 =n,to > 0. Let Ci, = uo y+ + Wig Mito i -2°°° 
Uriz2uoi(0 < kh < i < m+h < n—-1), then |C,,| = 2%) + 1(C, is a loop on uo, if 
to = 0). Put the graph Kmi, = P(uo,n,Uom+n) U Ci, and call it a structural graph. Let 
V(m,to) = Vilm, to) U Va(m, to), where Vi(m, to) = V(Kmto) and V2(m,to) C U \ Vi(m, to) 
with |V2(m, to)| = 2. We choose the connected subgraph Ty,,4. of T[V(m, to)] to form the set 
of graphs M5, where Ty ,4, satisfies that: 


to 
(1) diam(Tinto) <n — 3; 
(2) V (Tin,to) = V(m, to), and E(Kim,to) c E(Tm,to ); 


(3) neither does there exist an odd cycle with length 2t) + 1 that has only one intersected 
vertex with P(uo,n,Uo,m+n), nor does there exist an odd cycle Cg with length d such that 
at +d < 2to +1 in Tm4), where t = dr,, ,, (P(uo,h; Uom+h), Ca) > 0; 


(4) if there exists a (up,i,Ua,i+2)-path with length p < 3 which divides up Ci, in Tint. — 
E(Km.t)); where 0 < a,b < to, then a,b must satisfy that:if a +b = p(mod 2), then |a — b| < p; 
ifa+b+1= p(mod 2), thena+b+p> 2to +1; 


(5) if there exists a vertex x in Tm 4) such that dr, 


‘nm ty (2; Cty) = Zm, there must be an odd 
cycle C’ such that 


2dr, 


m,to 


(x,C) +|C] < m+ 2r +1, 


(iit) Construction of M®,: Let m+ 2to +3 = n,to > 0. We put the cycle C,, = 
UO,i* ** Wty iZUto,it1 °° Uo41Uo(0 <A <i < itl <m+h < n—-1), where z = wiy41,4 oF 
Uto+1iti then |C;,| = 2to +3. Put Kimo = P(uo,n; Uomtn) U Crp, and we call it a structural 


graph. Let V(m,to) = Vi(m,to) U Va(m,to), where Vi(m,to) = V(Km4z,) and V2(m, to) C 
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U \ Vi(m, to) with |V2(m, to)| = 1. We choose the connected subgraph Tin 14, of T[V(m, to)] to 
(2) 


form the set of graphs M>"3,where Ti,,¢. satisfies that: 


(1) diam(Tnto) <n — 3; 
(2) V(Tin,to) = V(m, to), and E(Km.t)) © E(Lim,to )5 
(3) neither does there exist an odd cycle with length less than 2(t9 + qg) — 1 which have 


q(1 < q < 2) intersected vertexes with P(uo,n,Uo,m+n), nor does there exist an odd cycle Cg 
with length d such that 2¢ +d < 2to +1 in Tmt,, where t = dr,, ,, (P(Uo,n, Uom+h), Ca) > 0; 

(4) if there exists a (up,i,Ua,i41)-path with length p < 2 that divides up C,, in Tmt, — 
E(Km.t)); where 0 < a,b < to +1, then a,b must satisfy that: if a + b = p(mod 2), then 
a+b+p> 2to 4+ 2; ifa+b+1=p(mod 2),then |a— b| < p+1; 


(5) if there exists a vertex x in Tin, such that dr, ,, (@, Cio) = 4m — 1, there must be an 
odd cycle C such that 


2dr 


Lag tC) + |C| <a ar + I. 

(iv) Construction of M®) «: Let m+ 2t. +1 = n,to > 0. We put the cycle C,, = 
U0,k—-1°°* Uto,k—-1Uip,k+1 °° U0,k41U0,kU0,h-1(10 < AS k-1<k+1< m+h < n-1), then 
ICy,| = 2t0o + 3. Put King = P(uo,n,Uom+n) U Cio, and call it a structural graph. Put 
V(m,to) = V(Km,to). We choose the connected subgraph Tm1, of T[V(m, to)] to form the set 


of graphs M®) 4, where Tiy,,4. satisfies that: 
(1) diam(Tinto) <n — 3; 
(2) V(Iin,to) = V(m, to), and E(Km,to) © E(Lm,to):; 
(3) neither does there exist an odd cycle with length less than 2(to9 + g) — 3 which have 


q(1 < q < 3) intersected vertexes with P(uo,n,Uo,m+n), nor does there exist an odd cycle Cg 
with length d such that 2¢+d < 2to + 1 in Tint), where t = dr,, ,, (P(uo,n; Uom+n); Ca) > 0; 


(4) if there exist an edge upx~—1Ua,r41 that divides up Ci, in Tm tg — E(&m,to), where 
0 <a,b< to, then a,b must satisfy that: 
a+b=1(mod 2), |a— b| < 3; 
if there exists an edge vg%q(or vEYp) that divides up Ct, in Tmt) -—E(Km,t,), where 1 < a < to(or 
1<b< to), then a(or 6) must satisfy that: @ = 2(or b = 2), or a = 1(or b = 1) (iff to = 1); 


(5) if there exists a vertex x in Tyn,4, such that dr, ,,(%,Cro) = +m — 2, there must exist 
an odd cycle C' such that 


2dr 


m,to 


(a,C) +|C] < m+ 2r +1. 
§4. Main results and proofs 


Theorem 4.1 G is a graph with order n of the first type with 7(G) =n —3 iff G € Ny_3. 


Proof For the necessity, suppose G is a graph with order n of the first type with 7(G) = 
n —3. Then there must be a vertex ug and an odd cycle C in G such that 


(uo) = y(uo, C) = 7(G) =n —- 3. 
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We choose up and C' such that d = |C| is as great as possible, and denote C = Cy. Note that 


9(G) = y(uo) = da(uo, uo)(mod 2), dg (uo, uo) = 0, 


we set y(G) = 2r. So we get n = 2r+3. 
Let t = dg(uo, Ca),then 


y(uo) = 2t+d-—1=2r=n-3. 


Thus we get 
1 
n=2t+d+2,t=r—5(d—1),lsd<ar+l. 


We put the path P; = P(uo, Ca) = uowi:-- ur, the cycle Cg = upuepi +++ Uep¢a—1Ue, and let 


ise 
& 
l 
& 
gy 
(= 
© 
& 
& 
f 
5 
8 
— 
AS 
& 


Thus 
m =|Vi(t,d)| =t+ dno =|Valt,d)| = t +2. 


It suggests above that there is a structural graph K(g) = PU Ca in G.To testify that G € 
river Cc N,~3,we shall prove that: (a) G meets the construct qualifications of N, an and (b) 


n—- 


G is a subgraph of K. 


(a) Note that diam(G) < y(G) =n—83, then the first construct qualification meets.By the 
choose of Cg, there doesn’t exist the structural graph K(q)(d' is an odd number with d’ > d) 
in G, thus the second qualification meets. Suppose that there exists a vertex x such that 
dg(x,Ca) >t, then 


¥(x,Ca) = 2dg(x,Ca) +d-1> 2t+d-1l=n-3. 


If 2de(#,C) +|C| > n—2 for any odd cycle C' which is different from Cg in G, we can get 
(a, C) = 2dg(x,C) +|C] -1 >n—-3. 
Thus we get a contradiction 
V(G) 2 y(z) > n- 3 = 7(G). 


Let u; € V(P(@,Ca))N Pi(i < t) be the vertex with the smallest subscript. Then P(z, u;) 
is a shortest path from C to P,. Let C be the odd cycle which doesn’t intersect with K,q) 
and has at most one intersected vertex with P(x, u;)(The shortest path from C to P(x, u;) is 
denoted by P(w, z), where w € V(P(a,u;)) and z € V(C). It suggests that C and P(x, u;) have 
only one vertex in common if w = z), and such that 2dy,,)(w, z) +|C| is as small as possible. 
Note that 


IA 


dg(u, uo) a 2da(w, z) ap IC| = 1, 
da(u, uo) + 2da(ui, ut) + d— 1, 


one, uo; C) 


IA 


(x, uo, Ca) 
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we then have 


(x, uo, C) + (z, uo, Ca) 
= 2(de(u, uo) + de (ui, ut) + de(w, z) + |C|] + d—1) — (d+ |C}). 
(1) Suppose that |C| + d= 4. If dg(x, ui) +de(w, z) + |C] =t+ 3 and 2de(w, z) + |C| = 
2(t— i) +d, then we have 
(x, uo, C) = ¥(x, uo, Ca) 


and 
dg(x, ui) + dg(w, z) +|C| -l=t+2 = |Vo(d)|. 
Therefore, 
da (x, uo) + dg(w, z) + de(ui, uz) + |C| +d-1l=n. 
Thus we get 
¥(a, uo, C) +(x, uo, Ca) =2n-4= 2(n _ 2) 
and 


(a, uo, C) = (a, uo, Ca) =n — 2. 
(2) Suppose that |C| = d= 1. If dg(x, ui) + de(w, z) =t+1 and dg(w, z) =t—7i. Then 
we have 


ie uo; C) = (x, Uo, Ca) 


and 
da(ax, ui) + de(w, z) +|C] —1=t+1 = |Va(d)| -1. 
Therefore, 
dg(x,uo) + de(w, z) + de(ui, uz) + |C| + d-l=n-1. 
Thus we get 
¥(x, uo, C) +(x, uo, Ca) = 2(n -— 1) -2= 2(n ~~ 2) 
and 


¥(a,uo,C) = (a, uo, Ca) =n — 2. 


(3) Suppose that |C| = d = LIf de(x#, ui) + de(w, z) = t+ 2 and |dg(w,z) —t—i| < 6. 
Then we have 
ly(a, uo, C) a, ¥(x, Uo, Ca)| < 6, 


and 
dg (x, ui) +dg(w, z) + |C] -l=t+2=|Va(d)|. 
Therefore, 
da(ax, uo) + de(w, z) + de(ui, uz) + |C]| +d-1l=n. 
Thus we get 


(a, uo, C) + y(x, uo, Ca) = 2n — 2 = 2(n — 1). 
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Note that 
y(a, Uo, C) = y(z, U0; Ca)(mod 2). 


Hence we get 
min{y(2, Uo, C), AS, Uo; Ca)} 2n— 2. 


The three cases lead to a common contradiction 
(x, uo) = min{y(x, uo, C), y(x, uo, Ca)} > n — 2. 


So the third qualification meets. 


(b) Let 
Vishnu ww 


where 


U; = {u | dg(uo, u) = t,u € V(G)}, 


(Sito ea), 
U, = {u| de(uo,u) > r,u Ee V(G)}, 


Then G[U;](i = 0,1,--- ,r—1) must be a null graph. Otherwise, there must be some odd cycle 
in G’ = G[U) UU, U---UU,_4]. Let C be the odd cycle such that dg (uo, C) + $(|C| — 1) is as 
small as possible in G’. Then we have 


de(uo,C) + $(IC| 1) <r. 
This implies a contradiction 
(uo) < y(uo, C) = 2dg(uo, C) + |C] — 1 < 2r =n-—3 = (uo). 
Note that |U;| > 1(¢ = 0,1,--- ,r). Then we have 
[U;| <2r+3-r=r43. 


So we can assert that G is a subgraph of K. Therefore, G € NO, C Nn-3- 


For the sufficiency, without loss of generality, we let G € NO, with 1 <d<n-—2 and 
d= 1(mod 2). It is obvious that G is connected and has Ka) = P; UCq as its structural graph. 


In the following argument, we shall prove two results: 
(1) y(uo) =n -3 


Clearly, we have 


(uo, Ca) = 2dg(uo, Ca) + |Ca| — 1 = 2t+d-1l=n-3. 
Hence we have n = 2t+d+2. Put 
ny = |Vi(d)| = |V(PeUCa)| =t +d, 


and 
ng = |Vo(d)| =|V(G)\ Vi] =t +2. 
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If there is an odd cycle C in G such that y(uo,C) < n—3 = 2r, then 2dg(uo,C) + 
|C| -— 1 < 2r, ie. dg(uo,C) + $(|C| — 1) < r. This implies that G[U’] contains the odd cycle 
C,where U' = {ul| dg(uo, u) < r,u € V(G)}. Because the induced subgraph K[V"] of K about 
V' = {ull d«(uo,u) < r,u € V(K)} is bipartite, its subgraph G[U’] doesn’t contain any odd 


cycles,a contradiction. So we have y(uo) =n — 3. 
(2) V u,v € V(G), y(u,v) <n-3 


It is obvious that y(u) <n —8 for any vertex in G. In what follows, it suffices to prove 
(u,v) <n-—83 for any two distinct vertexes u and v in V(G). 

If dg(u, Ca) + dg(v,Ca) < 2t, We can easily get y(u,v) < n—3. So we put dg(u, Ca) + 
dg(v, Ca) > 2t, and without loss of generality we let dg(u, Ca) > t,then there must be an odd 
cycle C in G such that 2dg(u, C) +|C| <n — 2. Suppose that V(P(u,C)) NV (Pr) 4 @, let w € 
V(P(u, C)) AV(P;) be the first vertex along P(u,C) from u to C, then dg(u,w) > dg(uo, w). 
We then have 


(uo, C) < 2(dg(uo, w) + de(w, C)) + |C] - 1 
2(dae(u, w) + dg(w,C)) +|C| -1 
= 2dgu,C)+|C|-1<n—-3= (uo), 


7(uo) 


A IA 


a contradiction. Therefore P(u,C') doesn’t intersect with P,. 
Let M be the component with u of G[V2(d)] in G, we shall complete our arguments in the 
following three cases: 


() VC)NV(Ca) Fo 
By the connectivity of G and |V2| = t+ 2, we have dg(u,Ca) = t+1 or t + 2 which 


correspond to the following six cases. 

(a) dg(u, Ca) =t + 2,dg(v,Ca) =t-1 
If ve V(P), we have 

y(u,v) < y(u,v,Ca) < dg(u, Ca) + de(v, Ca) + |Cal — 2 

= (¢+2)4+(¢-1)+d-2=2t+d-l=n-3. 
If v € V(P(u,C)), we have 
y(u,v) < y(u,v,C) =da(u,C) +de(v,C) +|C|-1 
< 2dg¢(u,C)+|C]-1l<n-3. 

(b) dg(u, Ca) = t+ 2,da(v,Ca) =t 
If v € V(P,),note that P(u,C) has no intersected vertex with P;, we then have 


V(Plu,v) UV(Ca)| = 26+d+2=n. 

Hence the odd cycle C such that 2dg(u, C) +|C| <n — 2 must be a loop on P(u, v), this means 
|C| = 1. So we get 

y(u,v,C) =dg(u,v)+|C|-1 

da(u,v) < diam(G) <(G). 


2 

S 

= 
/\ 
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If v € V(P(u,C)), we have 


y(u,v) < (u,v, C) =de(u, C) + de(v,C) + |C]—1 
< 2d¢(u,C)+|C|-1<2n-3. 


(c) da(u, Ca) =t+ 2, da(v, Ca) =t+1 
This suggests that v € V(P(u,C)), i.e. wv € E(P(u,C)), hence we have 


y(u,v) < y(u,v,C) =dg(u, C) + de(v,C) +|C]-1 
< 22dg(u,C)+|C|-1<n-3. 


(d) dg(u, Ca) =t+1,de(v,Ca) =t 

The argument is similar to (a). 

(e) dg(u, Ca) =t+1,de(v,Ca) =t+1 

Let uw € E(P(u,C)),there must be vw € E(G) \ (E(Ka) U E(P(u,C))). Hence we have 


y(u, v) < y(u, Uv, C) < da(u, C) + da(v, C) oa IC| =I 
2da(u, C) =F |C| -1 <n- 3. 


(f) da(u, Ca) =t+ 1,da(v, Ca) =t+2 


The argument is similar to (c). 
(I) V(C)NV(Ca) = 6, VIC)NV(P:) Fo 


Let w;,u; € V(C)NV(P;) be the vertexes with the smallest and biggest subscripts respec- 
tively, where i < 7 <t—1. By the construct qualification (2), we have 


2d(uo, Ui) + IC| > 2d(uo, Ut) +d, 


1 1 
= = SPegt : 
5 (IC 1)>t i+5(dt+1) 


By d(u,Ca) >t+1, we have 


a(u, 0) + 5(IC|-1) +(@-s) 241, 


1 
a(u,C) + 5(IC|-1) 2441. 
Hence, 
1 
d(u,c) +|C| — (jg -i+1) 2ti+l+s5(d+1). 
In addition, notice that |V2(d)| = t+ 2. We have 
d(u,C) +|C| — (jg —t +1) <t42. 


So we have 1 
t+1l+5(d+1) <d(u,e)+|C|—G-itl)st+2. 
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This means 
d= 1,|C| = 2t — 21 + 3, 


and 
d(u,C) =i+j-—tii+j >t). 


If v € V(M), it is obvious that 
yu, v) < y(u,C) < 1(G). 
If vu ¢ V(M), clearly we have 


y(u,v) < y(u,uo) < y(u, uo, C) < d(u, C) + d(uo, C) + (ICI —1) 
= (4j-O)+i4+(-i4) =i+j41< (0). 


(IIT) V(C) NV (Ca) = 4, V(C) NV (PF) = 


Let u; € V(P(u, Ca)) OV (Pr) (% < t) be the vertex with the smallest subscript, then P(u, u;) 
is the shortest path from u to P;. We shall discuss in the two following cases. 


(a) Suppose C’ and P(u,u;) have at least two intersected vertexes. Then |C| > 3. 
Let v € V(M).If P(u, C) intersects with P(v,C), then we have 


Yusv) < (u,v, C) 
< 2max{d(u,C),d(v,C)} + |C|-1 
< 2(/Ve(d)| -|C]) + |C]-1 


2t — |C| +3 < 2t < 7(G). 
If P(u,C) doesn’t intersect with P(v,C), then we have 
¥(u,v) < y(u,v,C) < |Va(d)| -l=t+1< 7(G). 
Let v ¢ V(M) and |V;| = |Vi(d) \ V(P(uo, us))| > 2. Then we have 
(u,v) < 7(u,v,€) <n—|Y|-1<n-3=G), 


If |V,| = 1, it means that i = t- 1 and d = 1. Note that d(u,Cy) > t+1, we have 
d(u,u;) > i+1=t. Note that |Vo(d)| = t+ 2,|C| > 3,we have |C| < 5: if |C| = 3, there 
must be only two intersected vertexes of C and P(u, uj); if |C| = 5, there must be just three 
intersected vertexes of C and P(u, u;). Thus we can easily have 


y(u,v) < y(u, uo, C) < 2t < 7(G). 


(b) Suppose that there is at most one intersected vertex of C and P(u,u;). Let P(w, z) 
be the shortest path from C to P(u,u;), where w € V(P(u,u;)) and z € V(C)(w = z suggests 
that there is only one intersected vertex of C and P(u, u;)). 

Let v € V(M). If P(u,C) doesn’t intersect with P(v,C), we have 


(u,v) < (u,v, C) < |Va(d)| —1=t+1< 1G). 
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If P(u, C) intersects with P(v,C), note that 2d(u,C) + |C| < 2t + d, we then have 
1 
d(u,C) <t+ 5(4 — |C}). 
If d(v,C) <t+2-—|C|, ie. d(v,C) +|C|—1< t, we have 


y(u,v) < y(u,v,C) < d(u,C) + d(v,C) + |C|-1 
< (t+ 5(d-|Cl)) +t < %+d-1=7(0). 


A 


If d(v,C) >t+2-—|C|, note that d(v,C) + |C| < |V2(d)| =t+ 2, we then have 
d(v,C) =t+2-|C|. 


Now it is clear that u is just on P(v,C) and d(v,Ca) > t+ 1. So there must be an odd cycle 
C’ such that 


2d(v,C") +|C"| < 2t+d. 
If C’ is a loop on P(u,v), we then have 
(u,v) < d(u,v) < diam(G@) < 4(G). 


Otherwise, C’ doesn’t intersect with P(u,v). This suggests that d(u,C’) < d(v,C’). Hence we 
have 


y(t 0) < ¥(v,0") <Q). 
If |C’| > 3,then C’ must intersects with C. Similarly, d(u,C’) < d(v,C’). So we have 
Yu) S y(v,C") < ¥(G). 
Let vu ¢ V(M). Note that 
¥y(u, uo, C) = d(u, uo) + 2d(w, z) + |C| — 1, 
¥y(u, Uo, Ca) = d(u, uo) + 2d(uz, uz) +d —1, 


we have 


y(u,uo,C) + yu, uo, Ca) 
= 2(d(u,uo) + d(ui, ue) + d(w,z) + |C|+d—1)—(d+|C)). 


If d+ |C| => 6, we have 


7(u, uo) = min{y(u, uo, C), y(u, uo, Ca)} <n - 38. 
Therefore, we get 
y(u, v) < y(u, uo) < 7(G). 
In what follows, it suffices to discuss the case such that |C| +d < 4. 


Suppose that |C| + d = 4 and d(u, u;) + d(w, z) +|C| < t+ 2, we have 


d(u, u;) + d(w, z) +|C| -1<t+1=|Va(d)| —-1, 
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d(u, uo) + d(u;, ue) + d(w, z) +|C] +d-1l<n-1. 
Hence we have 
y(u, uo, C) + y(u, uo, Ca) < 2(n — 1) — 4 = 2(n — 3). 


This suggests that 
min{y(u, Uo; C), y(u, Uo, Ca)} <n 3. 


Suppose that d(u, uj) + d(w, z) +|C| > t+ 3, note that 
d(u, ui) + d(w, z) +|C] —1 < |Vo(d)| =t4+ 2, 
we then have 


d(u, wi) + dw, z) +|C] -—1= |Va(d)], 


d(u, uo) + d(u;, uz) + d(w, z) +|C] +d-l=n. 


Hence 
y(u, uo, C) + y(u, uo, Ca) < 2n — 4 = 2(n — 2). 
By the construction of the G, we have 


2d(w, z) + |C| £ 2(t-—i) +4, 


y(u, uo; C) a y(u, Uo; Ca). 


This suggests that 
min{y(u, Uo, C), y(u, uo; Ca)} < m= 3: 


Suppose that |C| = d= 1 and d(u, u;) + d(w, z) < t, we then have 


d(u, ui) + dw, z) +|C| -1=t = |V2(d)| — 2, 


d(u, uo) + d(u;, ue) + d(w,z) +|C] +d-1l<n-—-2. 
We then have 


y(u, uo, C) + y(u, uo, Ca) < 2(n — 2) — 2 = 2(n — 3). 


Thus we have 
min{y(u, uo, C), y(u, uo, Ca)} <n — 3. 


Suppose that d(u, uj) + d(w, z) >t+1. Note that 


d(u, ui) + d(w, z) + |C] —1 < |Vo(d)| = t+ 2, 
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we then have 
t+1< d(u,u;) + d(w,z) <t4+2. 


If d(u, u;) + d(w, z) =t+ 1, we thus get 
d(u, uo) + d(uz, we) + d(w,z) +|C] +d-l=n-1. 
It means that 
¥(u, uo, C) + y(u, uo, Ca) = 2(n — 1) — 2 = 2(n — 2). 
Note that d(w,z) # t — i, we have 
Yu, uo, C) # 7(u, Uo, Ca): 


We therefore get 
min{y(u, Uo, QO); y(u, uo; Ca)} < n= 3: 


Suppose that d(u, ui) + d(w, z) =t+ 2, then we have 
d(u, uo) + d(u;, uz) + d(w, z) +|C] +d-l=n. 


Hence 


y(u, U0; C) T y(u, Uo; Ca) = 2n. 
If |d(w, z) —t —2| > 6, we then get 
ly(u, U0; C) = y(u, uo; Ca)| > 6. 


This suggests that 
min{y(u, Uo, C); y(u, Uo; Ca)} < n—3. 


From those as above, we can easily get 


y(u,v) < y(u, uo) < 7(G). 


Hence, V u,v € V(G), we have 7(u,v) <n —3. 


Theorem 4.2 G is a graph with order n of the second type with y(G) = n—3 iff GE My_3. 


Proof For the sufficiency, V G € Mn_3, we have y(G) = n— 3 and y(w) < 7(G) for all 
w € V(G) by a direct verification. 

Now for the necessity, suppose G is a graph of order n of the second type with y(G) = n—3. 
Then there must be two distinct vertexes u and v and an odd cycle Cp such that 


y(u, v) _ y(u, v, Co) = 7(G) =n-3. 


We put the path P(u,v) = vpv1--++Um, where vo = u and vp», = v with n— 3 = m(mod 2). 
Without loss of generality,we set 


n—3=m-+ 2r,dp = |Co| = 1(mod 2). 
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Suppose that C is an odd cycle in G, then we have 
IV(Plu,v)) AV(C)| <n—(G) =3. 


In the following, we shall complete our arguments in four cases. 


(I) Suppose that any odd cycle doesn’t intersect with any (u,v)-shortest path in G, then we 
have 
to = dg(P(u,v), Co) > 0. 


By the equation 7(u,v) = 7(u,v,Co), we can easily get 
n=m-+2to + dp +2. 
We put the path Py = P(P(u,v),Co) = vor1 +++ 24,, where xp = v; and x, € V(Co). Set 
Vi = V(P(u,v)) UV (Co) UV(Po), V2 = V(G)\ Ni, 


then we have 
|Vi| =m + to + do, |V2| = to + 2. 


Suppose that the odd cycles C; and C2 satisfy the following qualifications respectively. 
y(u) = y(u, Cy), y(v) = y(v, C2). 
If V(P(u, C1)) NV (Po) 4 ¢ and V(P(v, C2)) VV (Po) # 4, it is clear that 


y(u, C1) = y(u, Co), y(v, C2) _ ¥(v, Co). 


Hence 
y(u) = yu, Co) = 2dg(u, Co) + dy — 1 = 2dg(u, z4,) + dog —1< n—-83, 
y(v) = ¥(u,Co) = 2de(v, Co) + do — 1 = 2da(v, 21,) + do —-1<n-3. 
Thus we get 
V(G) = (u,v) = (u,v, Co) = de(u, 215) + de(v, £1.) + do — 1 


a contradiction. So we assume V(P(u,C,)) 7 V(Po) = @ without loss of generality. Suppose 
vu, € V(P(u,C1))NV(P(u, v)) is the intersected vertex with the biggest subscript, put the path 
P, = P(P(u,v),Cr) = yoyr::+ ye, with dy = |Ci| and ty = de(v;,C1), where yo = v; and 
yt, © V(C1). Then we have V(Po) NV(P1) = o(i < 7) and 


ty Sti td, —1< |Val <i +2. 
By the choose of P(u,v) and Co, we have 


Cia da OH ei, 
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Hence 
2t, + 2d; —64+ do < 2tp + do < 2t, + dy < 2tp + 5. 


So we get 
O< dg td, <6, — hl < 2h 


Set Kao,dy = P(u,v) UPpUP,U Co U C1, then we have 
|[V(Kao,a1)| =m+to+ty+dgt+td,—l<n, 


and 
|V(G) \ V (Kap.d;)| =t9 +3-—t; —d, <2. 


It is easy to verify that G meets the first three construct qualifications (1),(2) and (3) of Tay,a,- 
We shall prove that G meets the other qualifications: 

Suppose there exists a (Ya, yp)-path with length p which connects Pp U Co to P; U Cy in 
G— E(Kay,a,), where 0 <a< to andO0<6b< ty. Clearly,p = tp + 4—t; — d; < 3. Because any 
odd cycle doesn’t intersect with the (u,v)-shortest path P(u,v), then we have 


a+b+p>j-it,a+b+i+ 7 =p(mod 2), 
and 


da(vo, vi) + de(vi, yo) +p + de(Xa, vj) + dg(vj, Um) + 2dg(Xa, Ftp) + |Co| — 1 


IV 


Y(u,v), 
and 
da(vo, vi) + dalvi,ye) +p + de(®a, v3) + da(vj, Um) + 2da(yo, yer) + |Ci] — 1 
> (u,v). 
Hence we have 


t+b4+ p+ 04m — 7+ 2to — a) +p — 1 > m+ 2g + dy — 1, 


and 


(+04p+0¢m=— 9496 -—D4q)—15 m4 24 Gh —1. 


Therefore,we get 


(2to + do) — (2t1 + di) —(pti-j)<a-—b<p+i-yj. 


The qualification (4) thus meets. 
Suppose that there exists a vertex « in G such that dg(#,Co) > to and dg(x,Ci) > 
to + $(do — d;), then we can conclude that 


Hence there must be an odd cycle C in G such that 


(x) = 7(z,C) < 7(G), 
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2dg(«,C) + |C|-1<n-3=m + 2r. 


The fifth qualification (5) meets. 
Clearly, G C T, then we have G € Mo ,. 


(II) Suppose that there exists an odd cycle C and a path P(u,v) in G such that |V(P(u, v))A 
V(C)| = 1, but for any odd cycle C’ and any (u,v)-shortest path P’(u,v), |[V(P’(u,v)) M 
V(C’)| > 2 doesn’t come into existence. Without loss of generality, we assume that C is the 
smallest odd cycle which meets the above qualifications, and V(P(u,v)) 1V(C) = {u;}. Hence 


n-3=y(u,v) < y(u,v,C) =m+|C]-1=|V(P(u,v) UC)| -1l<n-1. 


Note that n — 3 = m(mod 2), we have m+ |C| = n— 2 or m+|C| = n. Suppose 
that m+ |C| =n, then we can assert that C isn’t a primitive cycle of P(u,v), and V(G) = 
V(P(u,v)) UV(C). Note that 


m=dg(u,v) < y(u,v) =n - 3, 


then we have |C| > 3. Suppose that the odd cycles Ci and Cy satisfy the following equations 
respectively: 
¥(u) = y(u, C1), y(v) = y(v, C2). 


If both Cy and Cy intersect with C, clearly we have 


y(u, C1) = y(u, C), Be C2) = y(u, C). 


It is easy to verify 
max{y(u,C), y(v,C)} = 1(G), 


a contradiction. Hence, we assume that C} doesn’t intersect with C without loss of generality. 
Therefore, C; must intersect with P(u,v), and C, is a loop on vu; of P(u,v)(without loss of 
generality,we set i < j). This contradicts the choose of C.Hence,m + |C| #4 n. Therefore,we set 
m+ |C| =n —2. We then have 


n-3= y(u, v) = y(u, v, C). 
We might as well put the cycle C = Co = yo: +: Yio ®tg ++: 21 Yo, Where yo = v;. Thus, we have 
|C| = 2to + 1,n =m F 2to +3. 


We put the graph Km4, = P(u,v)UCp. It is obvious that its order is n— 2. It is easy to verify 
that G meets the first three construct qualifications (1), (2) and (3) of Tin4,. We shall prove 
that G meets the other qualifications: 

Suppose that there is a (%a, yp)-path with length p which divides up Co in G— E(Kn.t)), 
where 0 < a,b < to.Clearly,p < 3. Note that any odd cycle in G has only one intersected vertex 
with the (u,v)-shortest path, and Co is the smallest odd cycle which has only one intersected 
vertex with P(u, v): 
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Ifa+b+1=p(mod 2), then we have 


dg(vj, La) + da(vi, ys) + p = |Col, 


le. 
ot by > Gig 1, 
If a+b = p(mod 2), then we have 

da(vo, Um) + 2dg(ta, vi) + |Co| — da(#a, vi) — da (vi, ys) +p —1> y(u, v) 
and 

da(vo, Um) + 2dg(vi, yo) + |Co| — de(2a, vi) — de(vi, yo) +p —1> (u,v), 
i.e. 

m+a+t2ty —b+p> m+ 2to 

and 


m+b+ 2tp -a+tp>m+ 2to. 


Hence, |a — b| < p, and the fourth qualification (4) comes into existence. 
Suppose there exists a vertex x in G such that dg(x,Co) > 4m, then we have 7(a,Co) > 
¥(G). Therefore, there must be an odd cycle C such that 


y(x) = (z,C) < 7(G), 


2da(xz,C) + |C] -1<n-—3=m+4 2r. 


The fifth qualification (5) comes into existence. 
Clearly, G C T, then we have G € M,. 


(III) Suppose that there exists an odd cycle C and a path P(u,v) in G such that |V(P(u, v))M 
V(C)| = 2, but for any odd cycle C’ and any (u,v)-shortest path P’(u,v), |[V(P’(u,v)) M 
V(C’)| > 3 doesn’t come into existence. Without loss of generality, we assume that C is the 
smallest odd cycle satisfying the above qualifications, and V(P(u,v)) 1V(C) = {u;, vj (t < 7)}.- 
Clearly, 7 =i+1. Hence, we have 


n—-3 = (u,v) < 7(u,v,C) =i+(m—j)+|C|-—2 
= m+ |C|l—-3=|V(P(u,v) UC)|-2<n—-2. 
Note that n — 3 = m(mod 2). We have (u,v) = y(u,v,C). Hence, C is a (u, v)-primitive 


cycle, where n = m+ |C|. We might as well put the cycle C = Op = yo-+ + Yio ZVty «+ * YoYo, where 
Yo = Uv; and xg = vj41. Hence, we have 


|Co| = 2to + 3,n = m+ 2to + 3. 


We put the graph Kinz, = P(u,v)UCo. It is obvious that its order is m—1. It is easy to verify 
that G meets the first three construct qualifications (1),(2) and (3) of Tm). We shall prove 
that G meets the other qualifications: 
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Suppose that there exists a (Xa, yp)-path with length p which divides up Co in G— E(Kn.t9), 
where 0 < a,b < to.Clearlyyp < 2. Note that any odd cycle has at most two intersected 
vertexes with any (u,v)-shortest path in G, and Co is the smallest odd cycle which has just two 


intersected vertexes with P(u, v). 


(a) Ifa+b+1= p(mod 2), then we have 


dg(vo, Um) + 2dg(v;, Za) + |Co| dg(vj, 2a) — de(w, ys) — de (vi, v;) t+p—1 


> (u,v) 
and 
dg(vo, Um) + 2de(v%, yo) +|Co| -— da(v;,2a) — de(vi, yo) — da(vi, vj) +p—-—1 
> (u,v). 


Hence, we have 
m+a+t2tp-b+p+1>m-+ 2to 


and 


m+b+2to —a+p+1>m+ 2tp. 


Therefore, we have 
la—b] <p+l1. 


(b) If a+b = p(mod 2), because Co is the the smallest odd cycle which has just two 


intersected vertexes with P(u,v), we have 
da(v;,0a) + de (vi, yo) + da(vi, vj) + p 2 |Col. 


We thus get 
a+b+p> 2tp+2. 


Suppose that there exists a (z,2q)-path(or (z,y»)-path) with length p in G — E(Km4t)) 
which divides up Co, where 0 < a,b < to. Clearly, p < 2. Ifa+t 9 +1 = p(mod 2), note that 
Co is the smallest odd cycle which has just two intersected vertexes with P(u,v), then we have 


dg(v;,%a) + p + da(z, yto) + da (yt, vi) + de (vi, v3) = |Col- 


We thus get 
at+p2to+ di 


If a+ to = p(mod 2), then we have 


dg(vo, Um) af 2dg(£a,;) + (p+ da (Xa; Lt) +do(z, tt))) ees y(u, v), 


m+2a+(p+tp —at+1)-1> m+ 2to. 


We then get 
a+ Pp > to. 
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Using analogous argument, we can get the corresponding restrained qualifications for b. Hence 
the fourth construct qualification (4) comes into existence. 
Suppose that there exists a vertex x in G such that dg(x,Co) > 4m — 1, then we have 


y(a,Co) > y(G). Hence, there must exist some odd cycle C such that 


y(x) = (2, C) < 7(G), 


2dg(«,C) + |C|-1<n-3=m +4 2r. 
The fifth qualification (5) thus comes into existence. 
Clearly, G C T, then we have Ge M®?,. 


(IV) Suppose that there exists an odd cycle C and a path P(u,v) in G such that |V(P(u, v))M 
V(C)| = 3. Without loss of generality,we assume that C is the smallest odd cycle which 
meets the above qualifications, where V(P(u,v)) NV(C) = {vi, vn, uj(i < k < j)}. Clearly, 
j=k+1,i=k-—1. Hence,we have 


n-3 = (u,v) S¥(u,v,C) =i+(m—j)+|C|-3 
= m+ |C|—-5=|V(P(u,v) UC)| -3<n-3. 


Therefore, we have 
y(u, v) = y(u, v,C), |[V(P(u, v)) UV(C)| = |V(G)| = n. 


We might as well put the cycle C = Co = yoy1: ++ Yio Ltg °° LiToWYyo, Where yo = Ug_1, W = Vp 
and xp = vg+1. Hence, we have 


|Co| = 2to + 3,n = m+ 2to + 1. 


We put the graph Ky,4, = P(u,v)UCp. It is easy to verify that G meets the first three construct 
qualifications (1), (2) and (3) of Tin... We shall prove that G meets the other qualifications: 

Suppose that there exists an edge ray) in G— E(Km,4,) which divides Co, where 0 < a,b < 
to. Note that Co is the smallest odd cycle which has just three intersected vertexes with the 
(u, v)-shortest path P(u,v), then we have a+ 6 = 1(mod 2). In addition, we have 


dg(vo, Um) + 2da(ta,vj3) + |Co| — de(ta,v;) — dg(ui, vs) — de(vi, yo) 
> (u,v) 
and 
da(vo, Um) + 2dg(v%i, yo) + |Co| — de(ta, vj) — da(vi, vj) — da(vi, yo) 
(u,v). 


IV 


Hence, we have 


and 
m+b+ 2ip -a+1> m+ 2 — 2: 
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We thus get |a — b| < 3. 
Suppose that there exists an edge ug%q in G — E(Km2,) which divides up Co, where 
124<%h, 


If a is an odd number, then we have 


dg(vo,Um) — da(vr, vj) +1+de(v;, ta) —1> y(u, v), 


m—-14+1+a-—-1>m+4 2to — 2. 


Thus, we have a > 2t9 — 1. Therefore, we have tp = 1,a = 1. 


If a is an even number, then we have 


dg(vo, Um) — dg(vi, vr) + |Co| —de(vj, 2a) — de(vi,v;) + dg (vp, ta) — 1 


2 (us); 


m—1+ (2t0+3)-a-—2+1-1>m+ 2to- 2, 


We thus get a < 2. Hence, we have a = 2. 

Suppose that there is an edge u,yp in G — E(K m1.) which divides Co, where 1 < b < to. 
Using an analogous argument, we have b = 2, or b = 1 (iff t) = 1). Hence, the fourth 
qualification (4) comes into existence. 

Suppose that there is a vertex x in G such that dg(x,C) > 4m—2, then we have y(x,C) > 
¥(G). Therefore, there must be an odd cycle C such that 


y(x) = 7(z,C) < 7(G), 


2de(«,C) + |C|-1<n-3=m + 2r. 


Hence, the fifth qualification (5) comes into existence. 
Clearly,G C T, then we have G € M®) 5. 
Using the connection between the exponent of a matrix and the exponent of a graph stated 


above, we have get the following result by combining Theorems 4.1 with 4.2. 


Theorem 4.3 Let A be a symmetric primitive matrix with order n, then 7(A) = n — 3 iff 
G(A) E€ Ny-3 UMny_3. 
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Abstract: A Smarandache drawing of a graph G is a drawing of G on the plane with 
minimal intersections for its each component and a circulant graph C(n; S) is the graph with 
vertex set V(C(n; S')) = {vil0 < i < n—1} and edge set E(C(n;$)) = {uiv;|0 <i 47 <n- 


1, (¢@—j)modn € S}, SC {1,2,--- , [4 ]}. In this paper, we investigate the crossing number 
of the circulant graph C(3k—1; {1, k}) and get the result that k < er(C(3k—1; {1,k})) <k4+1 
for k > 3. 


Key Words: Graph, Smarandache drawing, crossing number, circulant graph. 


AMS(2000): 05C, 05C62. 
§1. Introduction 


A graph G = (V, E) is a set V of vertices and a subset E£ of unordered pairs of vertices, called 
edges. A Smarandache drawing of a graph G is a drawing of G on the plane with minimal 
intersections for its each component. Certainly, we only need to consider Smarandache drawing 
of connected graphs. The crossing number cr(G) of a graph G is the minimum number of 
pairwise intersections of edges in a drawing of G in the plane. It is well known that the crossing 
number of a graph is attained only in good drawings of the graph, which are those drawings 
where no edge crosses itself, no adjacent edges cross each other, no two edges intersect more 
than once, and no three edges have a common point. Let D be a good drawing of the graph G, 
we denote the number of crossings in D by cr(D). 

The circulant graph C(n;S) is the graph with vertex set V(C(n; S)) = {v;|0 <i <n-—1} 
and edge set E(C(n; S)) = {uivj;|0 <i Aj <n—1, (i—Jj)modne S}, SC {1,2,---, FI}. 

Calculating the crossing number of a given graph is NP-complete [1]. Only the crossing 
number of very few families of graphs are known exactly, some of which are the crossing number 
of circulant graph. 

Yang and Lin, etc. researched on the crossing number of circulant graphs. In [2] they 
showed that 


er(C(n; {1,3})) = 5! +nmod3 (n> 8). 
In [3], they gave an upper bound of C(mk; {1, k}) for m > 3, k > 3, proved that 


er(C(3k;{1,k}))=k (hk 23), 
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and in [4], they obtained that the crossing number of C(n; {1, | 4] — 1}) is n/2 for even n > 8, 
for odd n > 13, they showed that 


4h+2, n=8h+1, h>2, 
n 4h+2, n=8h+3, h>2, 

er(C(n; {1, 15] —1})) < 
2 4h+3, n=8h+5, ALI, 
4Ah+5, n=8h+7, hl. 


In 2005, Ma, et al. determined that the crossing number of C(2m + 2; {1,m}) is m+ 1 for 
m > 3, see [5]. 

P.T.Ho [6] investigated the crossing number of the circulant graph C(3k + 1;{1,k}) and 
proved that cr(C(3k + 1; {1,k})) =k+1 for k > 3. 

In this paper, we study the crossing number of the circulant graph C(3k — 1; {1,k}) and 
get the main result that 


k <cr(C(8k—1;{1,k}))<k+1 for k 23. 


§2. Some lemmas and the main result 


Let A and B be two disjoint subsets of E. In a drawing D, the number of crossings made by 
an edge in A and another edge in B is denoted by crp(A, B). The number of crossings made 
by two edges in A is denoted by crp(A), then cr(D) = crp(£). By counting the number of 


crossings in D, we have Lemma 2.1. 
Lemma 2.1 Let A, B,C be mutually disjoint subsets of E. Then 
crp(AU B) = crp(A) +crp(B) + crp(A, B); 


crp(AU B,C) =ecrp(A,C) +crp(B,C). 


Let Ey = {vpvi41, Vivetis VepiV2k+is Vit U2k+iy Ukti—-1Uk4i, V2k4i—-1V2e4i} for0O <i < k—- 2, 
and let Ex, = {vx 1V2k—1, V2k—1V0, VAk—2VAk—1,5 U3k vo}, see Fig.1. Then it is not difficult to 


observe that 


k-1 
E(C(3k- 1; {1,4})) = & 
1=0 


BE,NE;=0, 0<i#j<k-1 


We define fp(E;) (0 < i < k—1) to be a function counting the number of crossings related 
to E; in a drawing D as follows: 


fo(Ei)=ern(Fi)+ =) orp (Fi, E;)/2. 
0<j<k—1, j#i 


With Lemma 2.1 and the above notations, we can get 
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Figure 1: A good drawing of C(3k — 1; {1, k}) 


Lemma 2.2 cr(D) = > fo(E;). 
i=0 


In a drawing D, if an edge is not crossed by any other edge, we say that it is clean in D; 
if it is crossed by at least one edge, we say that it is crossed in D. The following lemma is a 


trivial observation. 


Lemma 2.3 If there exists a crossed edge e in a drawing D and deleting it results in a new 
drawing D*, then cr(D) > cr(D*) +1. 


Lemma 2.4 cr(C(3k — 1; {1,k})) > k fork > 3. 

Proof We will prove it by induction on k. For k = 3, from [2], we have cr(C(8; {1,3})) = 
4 > 3. Now suppose that for k > 4, er(C(3(k — 1) — 1;{1,k— 1})) > k—1, let D be a good 
drawing of C(3k — 1; {1, &}). 

Since C(3k — 1; {1, k}) is non-planar, one of the edges in D must be crossed, that is to say, 
UjVi41 OF UjVE4; 18 crossed for some i where 0 <i < 3k — 2. If vjvj41 is crossed for some i, we 
may assume that 7 = 3k — 2. If ujvg+; is crossed for some i, we may assume that i = k — 1. By 
these assumptions, we have 


fo(Ex-1) > 0.5 


We assert that 


fo(E;) >1 for O0<i< k-2 or cr(D) Sk (1) 


Therefore, if cr(D) < k, we have fp(F;) > 1 for all i = 0,1,--- ,& — 2 by (1), combining this 
with fpo(Ex-1) > 0.5, by Lemma 2.2, we have k > cr(D) > k — 1+ 0.5, which is impossible 
since cr(D) must be an integer. 

So, it suffices to verify that (1) is true. Suppose by contradiction that there exists 7 
(0 <i < k-—2) such that fp(£;) < 1. From the definition of fp, we get that crp(E;) = 0. 
Furthermore, there are only two possible drawings of E;, which are shown in Figure 2. 
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Vit1 Vak+i Vok+i-1 Uit1 Vok+i Vok+i-1 
® r) 
Uk+i-1 
e - 
Ui Uk-+i Uk+i-1 VU; Uk+i 


Figure 2: Two possible drawings of FE; 


Vi+1 Voak+i VI2k+i-1 
e 
C b a 
Vi 
Uk+i Uk+i-1 


Figure 3: Ey U ViV2k+i-1 


We can claim that £; must be drawn as in the left hand side of Figure 2 in D. Suppose that 
F, is drawn as in the right hand side of Figure 2. Since vertex vz4;-1 and vertex v2p4;-1 lie 


in different regions, so both the edge vg4;-1v2k4;i-1 and the path vp4i—1Up+i—2V2k+i—2V2k-4i—-1 


must cross the edges in £;, and we have fp(£;) > 1, a contradiction to our assumption that 
fo(&) <1. 
Case 1. Suppose that fp(E;) > 0. Since fp(F;) < 1, from the definition of fp, exactly one of 
the edges in FE; is crossed. 

First we consider that v;v2~4;-1 is clean. Then F; U vjv2ox4;-1 must be drawn as in Fig- 
ure 3. Denote the regions by a,b and ¢ as in Fig.3. We can assert that vertex vg+i;—2 must 
lie in the same region in which vertex vz4;—1 lies. Or else, both the edge vz4;—-2UR4;-1 and 


the path vg4;—2Vi-2Vi-1Uk+i-1 Must cross the edges on the boundary of a except v;v2K+i-1, 


so we have fp(£;) > 1, which is a contradiction. Furthermore, we can also get that v2%+4;-2 


must lie in the region a : if vox4;—2 lies in the region b, then both the edge v2p4;-1V2K4i-2 
and the edge vp4;—2V2xn+i-2 must cross the edges on the boundary of b, which is a con- 
tradiction; if voz4;—-2 lies in the region c, then both the edge vp4;—-2veK4;-2 and the path 


Up+iVk+itl 1 * U2k+i—3U2k+i-2 Must cross the edges in E;, which is also a contradiction. Since 


both vertex vz4;—2 and vertex v2~4;-2 lie in the region a, the pathes vj+1U;+2 - ++ UR+i—3Uk-+i—2 
and Uj41UK+i+1UR+i+2 (1 * U2k+i—-3V2k+i—2 Must cross the boundary of a, respectively, and we can 
have fp(E;) > 1, which is impossible. 


Now consider that v;,v2%+;~-1 is crossed. 


Case 1.1. Suppose that the edges vj41v2K4; and vox+i—1V2K+i are clean. We will produce 
from D a drawing D*, which is constructed by drawing a new edge connecting vertex vj+1 


to vertex v2~4;-1 close enough to the edges vj41v2~4;4 and voR+i—-1V2K+4i, and by deleting the 


edges UjVok4i-1, ViVk-+is Uk+iV2k4+i aNd Uj4+1V2K~4;, See Figure 4(1). Since the edges vj+1V2K+4; 
and v2~4;-1V2k+i are clean, one can observe that the new edge v;+1v2K4;-1 doesn’t produce 


any additional crossing. And because the crossed edge v;v2%4;-1 in D is removed from D, 
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U2k+i-1 


Figure 4: New drawing D* produced from drawing D 


we can get that cr(D) > cr(D*) +1 by Lemma 2.3. D* is a drawing of the subdivision of 
O(3(k — 1) — 1; {1,k — 1}), so we have er(D) > er(C(3(k — 1) — 1; {1,k-1}))+12k. 

Case 1.2. Suppose that one of the edges vj41v2K4i OF V2k+i-1V2K4i iS crossed. Analogously, by 
drawing a new edge connecting vertex up+i—1 to vertex v2%4; quite close to the edges ug4;—1UR+i 
and uz4;v2k+2, and by deleting the edges vjug+4i, UELiVak+i, ViVAk+i—-1 ANA VE_Yi—1V2R4i-1, 2 NEW 
drawing D* can be produced from D, see Figure 4(2). One can easily see that the new edge 
Up+i-1U2k4+i doesn’t produce any additional crossing since the edges vp4;—1Up4;4 aNd U_+;V2K+i 
are all clean. Since the crossed edge v;v2,4;—-1 in D is removed from D, by Lemma 2.3, we can 
obtain that cr(D) > cr(D*) +1. D* is a drawing of the subdivision of C(3(k—1)—1; {1,k—1}) 
as well. These facts imply that cr(D) > er(C(3(k — 1) — 1; {1,k-—1})) +12. 


Case 2. Suppose that fp(E;) = 0. Since the edges in F; are all clean, v;v2,4;-1 doesn’t cross 
any edge in F;, then E; U vjvox4;-1 is drawn as in Figure 3. If v;va~4i;-1 is clean, then the 
boundary of a is clean, we follow the analogous arguments presented in Case 1. If vj;v2p4;-1 is 


crossed, we can follow the same arguments presented in Case 1.1. 


From all the above cases, we have shown that (1) is true. 


Theorem 2.5 k < cr(C(38k — 1; {1,k})) << k4+1 fork >3. 


Proof A good drawing of C(3k—1; {1, &}) in Fig.1 shows that er(C(3k—1;{1,k})) <k+1 
for k > 3. This together with Lemma 2.4 immediately indicate that k < cr(C(3k—1;{1,k})) < 
k+1 fork > 3. 


We end this paper with the following conjecture. 


Conjecture cr(C(3k — 1;{1,k})) =k+1 for k > 3. 
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Abstract: For vertices u and v in a connected graph G = (V, E), the distance d(u, v) is the 
length of a shortest u—v path in G. A u—v path of length d(u, v) is called a u—v geodesic. 
For an integer k > 1, a geodesic of length k& in G is called a k-geodesic. A set SCV isa 
k-edge geodetic set of G if each edge e € EH — E(< S >) lies on a k-geodesic of some pair 
of vertices in S and a set T C V is an edge geodetic set of G if each edge of G lies on a 
geodesic of some pair of vertices in T, and Smarandache edge-geodetic set of G if each edge 
of G lies on at least two geodesics of T. The minimum cardinality of a k-edge geodetic set 
of G is the k-edge geodetic number egx(G) and the minimum cardinality of an edge geodetic 
set is the edge geodetic number eg(G). In this paper we investigate how the edge geodetic 
number and the k-edge geodetic number of a graph G are affected by adding a pendant edge 
to G. It is proved that if G’ is a graph obtained from G by adding a pendant edge, then 
eg(G) < eg(G’) < eg(G) +1 and ego(G) < ego(G’) < eg2(G) +1. For any integer k > 2, it is 
also proved that eg,(G’) < egx(G) + 2. It is shown that for any integer k > 4 and for every 
pair a,b of integers with 4 < a < b+ 2, there is a connected graph G such that eg,(G) = b 
and eg,(G’) = a, where G’ is a graph obtained from G by adding a pendant edge. 


Key Words: Smarandache edge-geodetic set, geodetic number, edge geodetic number, 


k-geodetic number, k-edge geodetic number, k-extreme edge. 


AMS(2000): 05C12. 
§1. Introduction 


By a graph G = (V, E), we mean a finite undirected connected graph without loops or multiple 
edges. The order and size of G are denoted by n and m respectively. For basic graph theoretic 
terminology, we refer to Harary [3]. For vertices u and v in a connected graph G, the distance 
d(u,v) is the length of a shortest u-v path in G. It is known that the distance is a metric on 
the vertex set of G. A u-v path of length d(u,v) is called a u-v geodesic. A vertex x is said 
to lie on a u-v geodesic P if x is a vertex of P including the vertices u and v. For any path 
P in a graph and two vertices z,y on P, we use Pix, y] to denote the portion of P between x 
and y, inclusive of « and y. The neighborhood of a vertex v is the set N(v) consisting of all 
vertices u which are adjacent with v. A vertex v is an extreme vertex of G if the subgraph 
induced by its neighbors is complete. The closed interval I[u, v] consists of all vertices lying on 
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some u-v geodesic of G, while for SC V, I[S] = (LU Tfu,v]. A set S of vertices is a geodetic 
u,vEes 
set if I[S] = V, and the minimum cardinality of a geodetic set is the geodetic number g(G). A 


geodetic set of cardinality g(G) is called a g-set of G. The geodetic number of a graph was 
introduced in [1], [4] and further studied in [2], [5]. It was shown in [4] that determining the 
geodetic number of a graph is an NP-hard problem. A set S of vertices is an edge geodetic set of 
a graph G if each edge of G lies on a geodesic of vertices in S, and Smarandache edge-geodetic 
set of G if each edge of G lies on at least two geodesics of S. The minimum cardinality of an 
edge geodetic set is the edge geodetic number eg(G). An edge geodetic set of cardinality eg(G) 
is called eg-set of G. Edge geodetic sets and the edge geodetic number of a graph with several 
interesting applications are investigated in [7]. 

For an integer k > 1, a geodesic in G of length k is called k-geodesic. A vertex v is called k- 
extreme vertex if v is not the internal vertex of a k-geodesic joining any pair of distinct vertices 
of G. Obviously, each extreme vertex of a connected graph G is k-extreme vertex of G. In 
particular, each end vertex of G is a k-extreme vertex of G. A set S C V is called a k-geodetic 
set of G if each vertex v in V —S lies on a k-geodesic of vertices in S. The minimum cardinality 
of a k-geodetic set of G is its k-geodetic number g;,(G). A k-geodetic set of cardinality g;,(G) is 
called g,-set. The k-geodetic number of a graph was refereed to as k-geodeomination number 
and studied in [6]. 

For any S C V, let E(< S >) denote the edge set of the subgraph induced by S. A set 
SC V is called a k-edge geodetic set of G if each edge in E — E(< S >) lies on a k-geodesic 
of vertices in S. The minimum cardinality of a k-edge geodetic set of G is its k-edge geodetic 
number eg,(G). A k-edge geodetic set of cardinality eg,(G) is called egz-set of G. For k > 2, 
an edge of G is called k-extreme edge if it does not lie on any k-geodesic of vertices of G. 

For the graph G given in Fig.1.1, it is easy to see that the set S = {v1,v2,u5,u6} of end 
vertices is a gg-set and so go(G) = 4. Since the edge v3v4 does not lie on any 2-geodesic of 
vertices of S, S is not a 2-edge geodetic set of G. It is easily seen that $1; = {v1, v2, v3, Us, U6} 
is a minimum 2-edge geodetic set of G so that eg2(G) = 5. Also, Sg = {v1, v2, 04,05, U6} is 
another eg2-set of G. 


V1 U5 


U3 U4 


v2 U6 


Fig.1.1 


The k-edge geodetic number of a graph was introduced and studied in [8]. It is proved 
in [8] that each triple a,b,k of integers with 2 < a < b and k > 2 is realizable as the k- 
geodetic number and k-edge geodetic number of a graph respectively. Also it is shown in [8] 
that for given integers a,b,c and k > 2 with 3 <a< b<c, there is a connected graph G with 


On the Edge Geodetic and k-Edge Geodetic Number of a Graph 87 


g(G) = a, eg(G) = b and eg, (G) = c. These concepts have many applications in location theory 
and convexity theory. There are interesting applications of these concepts to the problem of 
designing the route for a shuttle and communication network design. 

A fundamental question in graph theory concerns how the value of a parameter is affected 
by making a small change in the graph. The geodetic number and the k-geodetic number, 
affected by adding a pendant edge, was discussed in [5] and [6] respectively. In this paper we 
study how the edge geodetic number and the k-edge geodetic number of a graph are affected 
by adding a pendant edge to the graph. 

Throughout the following G denotes a connected graph with at least two vertices. The 
following theorems will be used in the sequel. 


Theorem 1.1([7]) Each extreme vertex of a connected graph G belongs to every edge geodetic 
set of G. In particular, if the set of all extreme vertices W is an edge geodetic set of G, then 
W is the unique eg-set of G. 


Theorem 1.2([8]) Every k-edge geodetic set contains both the ends of each k-extreme edge. If 
the set W of the ends of all the k-extreme edges together with the set of k-extreme vertices is a 
k-edge geodetic set, then W is the unique eg,-set of G and so eg,(G) = |W. 


Theorem 1.3([7]) For any tree T with k end vertices, eg(T) =k. 


Theorem 1.4([7]) For a connected graph G, eg(G) = 2 if and only if there exist two antipodal 


vertices u and v such that every edge lies on au—v geodesic of G. 
Theorem 1.5([7]) For a connected graph G, no cut vertex belongs to any eg-set of G. 


Theorem 1.6((7]) For the complete bipartite graph Kyn(m,n > 2), eg(Kmn) = min{m,n}. 


Theorem 1.7((7]) Jf a connected graph G of order n has exactly one vertex v of degree n— 1 
then eg(G) =n-1. 


§2. How the edge geodetic number 
of a connected graph is affected by adding a pendant edge 


In this section we discuss how the edge geodetic number of a connected graph G is affected by 
adding a pendant edge to G. Let G’ be a graph obtained from a connected graph G by adding 


a pendant edge uv, where wu is not vertex of G and v is a vertex of G. 


Theorem 2.1 If G’ is a graph obtained from a connected graph G by adding a pendant edge 
uv at a vertex v of G, then eg(G) < eg(G’) < eg(G) +1. 


Proof Let S be any eg-set of G and let S” = SU{u}. We claim that S’ is an edge geodetic 
set of G’. Let e be an edge of G’. If e € E(G), then e lies on a geodesic of vertices in S. If 
e = uv, then, since every edge geodetic set of G is a geodetic set of G, it follows that the vertex 
v lies ona x — y geodesic P with x,y € S. Then, it is clear that the portion P[x, v] of the x —v 
path on P together with the edge wv is a x — u geodesic of G’, which contains the edge e with 
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x,u € S’. Hence S” is an edge geodetic set of G’ and so eg(G’) < eg(G) +1. Let S’ be an eg-set 
of G’. By Theorems 1.1 and 1.5, u € S” and v ¢ S’. Also, it is clear that S = (S” — {u}) U {vu} 
is an edge geodetic set of G so that eg(G) < |S’| —1+1=|S"| = eg(G’). Hence the result. 


Remark 2.2 The bounds for eg(G’) in Theorem 2.1 are sharp. If the graph G is the path 
P,,(n > 3) on n vertices, then, by Theorem 1.3, eg(P,,) = 2. Let G’ be the path obtained from P,, 
by adding a pendant edge at one of its end vertices. Then, by Theorem 1.3, eg(G’) = 2 = eg(G). 
If G’ is the tree obtained from P, by adding a pendant edge at a cut vertex of P,, then by 
Theorem 1.3, eg(G’) = 3 = eg(G) +1. 


Theorem 2.3 Let G’ be a graph obtained from a connected graph G by adding a pendant edge 
uv at a verter v of G. Then eg(G) = eg(G") if and only if v is a vertex of some eg-set of G. 


Proof First, assume that there is an eg-set S of G such that vu € S. Let S’ = (S—{v})Uf{u}. 
We show that S’ is an eg-set of G’. If e = uv, then it is clear that e lies on every w — u geodesic 
of G, where w € S’(w # wu). Let e be any edge of G. Since S is an eg-set of G, e lies on a x — y 
geodesic in G with z,y € S. If both x,y € S — {v}, then e also lies on a x — y geodesic in G’ 
with z,y € S’. Ife lies on a x — v geodesic in G with x € S — {v}, then e also lies on x — u 
geodesic in G’. Thus S" is an edge geodetic set of G’ so that eg(G’) < |S"| = |.S'| = eg(G). Now, 
the result follows from Theorem 2.1. 

Conversely, suppose that eg(G) = eg(G’). Suppose that v does not belong to any eg-set 
of G. Let S’ be an eg-set of G’. Since u is an end vertex of G’ and v is a cut vertex of G’, 
by Theorems 1.1 and 1.5, wu € S’ and v ¢ S$’. Let S = (S’ — {u})U {uv}. Then S C V(G) and 
|S| = |S’| = eg(G’) = eg(G). Let e be any edge of G. Then e is also an edge of G’ and so e 
lies on a geodesic P in G’ joining a pair of vertices z,y € S’. Ifa Au andy #u, thenze S$ 
and y € S' so that e lies on a geodesic joining a pair of vertices in S. Otherwise, let c 4 wu and 
y =u. Then it follows that e lies on a geodesic in G joining x and v in S. Thus, S is an edge 
geodetic set of G and since |S| = eg(G), it follows that S is an eg-set of G. Since uv € S, this is 


contradiction to our assumption. This completes the proof. 


Remark 2.4 If a vertex uv is added to a connected graph G such that more than one edge 
is incident with v, then the edge geodetic number of the resulting graph can stay the same, 
increase significantly or decrease significantly. For example, for the complete bipartite graph 
Kimn we have, by Theorem 1.6, eg(Kmn) = m for all 2 < m <n. However, if we add a new 
vertex to Ky, and join this vertex to all the vertices of the minimum partite set containing m 
vertices, the resulting graph is Ky»,+1 and again by Theorem 1.6, the edge geodetic number is 
m. Hence a new vertex may be added to a graph along with a large number of edges such that 
it does not affect the edge geodetic number. On the other hand, it is clear that eg(C,,) = 2 for 
all even n > 4. If we add a vertex v to this C,, and join v to all the vertices of C,, the resulting 
graph is the wheel kK; +C,,. Now, it follows from Theorem 1.7 that eg(K1 + C,,) =n and so 
the edge geodetic number of the resulting graph increases significantly. Also, it is clear that 
eg(Kin) =n for all n > 2. If we add a vertex v and join it to all the end vertices of Ky,, then 
we obtain the graph K2,,. By Theorem 1.6, eg(K2,,) = 2, and so the edge geodetic number of 
the resulting graph decreases significantly for large n. 
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§3. How the k-edge geodetic number 
of a connected graph is affected by adding a pendant edge 


We now consider how the k-edge geodetic number of a connected graph G is affected by the 
addition of a pendant edge. 


Proposition 3.1 Let G’ be a graph obtained from a connected graph G by adding a pendant 
edge uv at a verter v of G. Then egp(G’) < egx(G) +2. 


Proof Let S be an eg,-set of G. Then SU {u,v} is a k-edge geodetic set of G’ and so 
egn(G’) < |S'U {u, v}| < egx(G) +2. 


Proposition 3.2 There is no connected graph G with diam(G) > k such that eg;(G’) = 2, 
where G’ is a graph obtained from G by adding a pendant edge at a vertex of G. 


Proof Suppose that there exists a connected graph G with diam(G) > & such that 
egn(G’) = 2. Let G’ be a graph obtained from G by adding a pendant edge uv at a ver- 
tex v of G. By Theorem 1.1, u belongs to every edge geodetic set of G’. Let S$” = {u,y} be an 
egx-set of G’. Then y 4 v and it is clear that S = {v,y} is a egx_1- set of G. Hence S is an 
eg-set of G and d(v,y) = k — 1. Now, by Theorem 1.4, v and y are antipodal vertices and so 


diam(G) = k — 1, which is a contradiction. Hence the result follows. 


Observation 3.3 In a connected graph G, each edge in G has at least one end in every 2-edge 
geodetic set of G. 


Theorem 3.4 If G’ is a graph obtained from a connected graph G by adding a pendant edge at 
a vertex of G, then ego(G) < eg2(G’) < ego(G) +1. 


Proof Let G’ be the graph obtained from G by adding a pendant edge uv at a vertex uv 
of G. Let S be an ego-set of G. Let S’ = SU {u}. We claim that 5” is a 2-edge geodetic 
set of G’. Let e be an edge of G’ be such that e ¢ E(< S’ >). If e € E(G), then e lies on 
a 2-geodesic of vertices in S. If e ¢ E(G), then e = uv and v ¢ S. Let vw be an edge of 
G. Then, by Observation 3.3, we have w € S$. Now, it is clear that the edge uv lies on the 
2-geodesic P : w,v,u of G’ with w,u € S’. Hence S’ is a 2-edge geodetic set of G’ and so 
ega(G') < |S"| = eg2(G) +1. 

Now, let T’ be any eg-set of G’. Then by Theorem 1.2, u€ T’. Let T = (T’ — {u})U {v}. 
Then |T| < |T’|. We show that T is a 2-edge geodetic set of G. Let e = ry be any edge of G 
such that e ¢ E(< T >). Then it is clear that e ¢ E(< T’ >). Now, since e € E(G’) and T” is 
a ego-set of G’, we see that e = xy lies on a 2-geodesic P of vertices in T’. By Observation 3.3, 
we may assume that « € T’. Assume that the geodesic P is P: x,y,z with x,z € T’. Since 
sy € E(G), we have x £ u and so x € T. Now, if z = u, then y = v and so zy € E(< T >), 
which is a contradiction. Hence z 4 u and so z € T. Thus T is a 2-edge geodetic set of G so 
that ego(G) < |T| < |T'| = eg2(G’). 


Proposition 3.5 Let G’ be a graph obtained from a connected graph G by adding a pendant 
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edge uv at a vertex v of G. If vu belongs to some egg-set of G’, then ego(G’) = ego(G) + 1. 


Proof Let T’ be an ego-set of G’ such that v € T’. By Theorem 1.2, u € T’. Now, let 
T = T' — {u}. Then |T| = |7’| — 1 = ego(G’) — 1 and as in the proof of Theorem 3.4, T is 
a 2-edge geodetic set of G so that ego(G) < |T| = eg2(G’) — 1 Now, the result follows from 
Theorem 3.4. 


Remark 3.6 The converse of Theorem ?? is not true. For the graph G = Kj,,(n > 2), we 
have that eg2(G) = n. However, if we add a pendant edge to the cut vertex of Ky,,, then the 
resulting graph G’ is Ky ,+41 and so eg2(G’) =n +1 = ego(G) +1. However, the cut vertex of 
Ki n+1 does not belong to any ego-set of Ky n+1. 


Problem 3.7 Characterize graphs G for which ego(G’) = eg2(G), where G’ is a graph obtained 
from G by adding a pendant edge. 


In view of Proposition 3.1, we have the following realization theorem. 
Theorem 3.8 Let k > 4 be an integer. For each pair a,b of integers with 4<a<b+2, there 


is a connected graph G with eg,(G) = b and eg,(G') =a, where G’ is a graph obtained from G 
by adding a pendant edge. 


Proof We prove the theorem by considering five cases. 


Case 1. Let a = b. Let G be the graph obtained from the path P : v9, v1,...,uR by 


adding b — 3 new vertices uj, U2,...,Up—3 and joining them to vo. The graph G is shown in 
Fig.3.1. It is clear that the edges ujvo(1 < i < b— 3) are the only k-extreme edges of G. 
Hence S = {vo, vg, U1, U2,---, Ub—3, V2} is the set of all k-extreme vertices and the ends of all 


k-extreme edges of G. Since S is a k-edge geodetic set of G, it follows from Theorem 1.2 that 
egn(G) = |S] = 6. 

Now, let G’ be the graph obtained from G by adding a pendant edge vz. It is clear that 
G’ has no k-extreme edges. Let S’ = {vo, ui, U2,..-, Ub—3, ©} be the set of all k-extreme vertices 
of G’. Since the edges vgv1 and v;v2 do not lie on any k-geodesic joining a pair of vertices in 
S’, we have S” is not a k-edge geodetic set of G’. Since S’ U {uz} is a k-edge geodetic set of G’, 
it follows from Theorem 1.2 that eg,(G’) = |S’|+1=b=a. 


Fig.3.1 


Case 2. a=b+1. Let G be the graph obtained from the path P : vp, v1,..., ux by adding 


b— 2 new vertices ui, U2,...,Up—2 and joining each u; to v1. Let S = {u1, ue,..., Up—2, V0, UE}. 
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Then S is the set of all k-extreme vertices of G. It is clear that G has no k-extreme edges and 
S' is a k-edge geodetic set of G and so by Theorem 1.2, eg,(G) = |S| = b. Now, let G’ be the 
graph obtained from G by adding a new vertex x and joining it to v;. Then, just as above, the 
set S’ = {u1, U2,...,Up—2, UZ, Vo, Ue} of all k-extreme vertices of G’ is the eg,-set of G’. Hence 
egx(G’) = |S"| =b+1=a. 


Case 3. a= b+2. Let G be the graph constructed in Case 2. Then, as in Case 2, eg, (G) = b. 
Now, let G’ be the graph obtained from G by adding a new vertex x and joining it to vo. Then 
the edge xv2 is the only k-extreme edge in G’. Since the set S’ = {u1, u2,..., Up—2, V0, Uk, Z, v2} 
of all k-extreme vertices together with the ends of the k-extreme edge xv is a k-edge geodetic 
set, it follows from Theorem 1.2 that eg,(G’) = |S’| =b+2=a. 


Case 4. a=b—1. Let G; be the graph obtained from the path P: vp, v1,..., vz by adding a 
new vertex w and joining it to the vertices v;, vg and v3. Let Q: 7, 71,...,@,—2 be a path such 
that it is vertex disjoint with G,. Let Gz be the graph obtained from G; and Q by identifying 
the vertices vg and ag. Let G be the graph obtained from Gz by adding b — 5 new vertices 
21, 22,---,;Zp—5 and joining each z; to v;. The graph is G shown in Fig.3.2. It is clear that the 
edge vow is the only k-extreme edge of G. Since the set S = {v9, 21, Z2,---, 2b—5; Uk; Uk—2, V2, W} 
of all k-extreme vertices and the ends of the k-extreme edge vaw of G is a k-edge geodetic set, 
it follows from Theorem 1.2 that eg,(G) = |S| = 6. 


Fig.3.2 


Now, let G’ be the graph obtained from G by adding a pendant edge wz. It is clear that 
G’ has no k-extreme edges. Since the set S’ = {vo, 21, Z2,---, 2b—5, 2; Uk; 
Xp—2} of all k-extreme vertices of G’ is a k-edge geodetic set of G’, it follows from Theorem 1.2 
that eg,(G’) = |S’| =b-—l=a. 


Case 5. 4<a< b—2. Let G, be the graph obtained from the path P : vo, v1,...,u% by 
adding a new vertex w and joining it to both vg and v4. Let G2 be the graph obtained from Gj 


by adding b — a— 1 new vertices uy, u2,...,Up—a—1 and joining each u,; to the vertices ve, v3, v4 
and w. Let Gs be the graph obtained from G2 by adding a — 4 new vertices 2}, Z2,..., Za—4 
and joining each z; to v;. Let Q: 2, 2%1,...,@-—3 be a path such that it is vertex disjoint with 


G3. Let G be the graph obtained from G3 and Q by identifying the vertices v3 and a. The 
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graph G is shown in Fig.3.3. It is clear that the edges u;v3 and u;w (1 <i < b—a-—1) are the 
only k-extreme edges of G and so by Theorem 1.2, the vertices uj, ug,...,Up—a—1, V3, w belong 


to every k-edge geodetic set of G. 


e e — 
Uk-1 Uk 
w 
Fig.3.3 
First, suppose that k = 4. Let S = {vo, ut, U2, .--, Ub—a—1; U3, W, 21, 22,-++,Za—4, 41}. Then 


S is the set of all k-extreme vertices and the ends of all k-extreme edges of G. It is clear that 
S is not a k-edge geodetic set of G and SU {v4} is a k-edge geodetic set of G so that by 
Theorem 1.2, eg,(G) = |S] + 1 =b-—1+1=b. Now, let G’ be the graph obtained from G 
by adding a new vertex x and joining it to w. Then the graph G’ has no k-extreme edges. 
Let S’ = {v0, 21, 22,---,2a—4, 2,1}. Then S’ is the set of all k-extreme vertices of G’. It is 
clear that S’ is not a k-edge geodetic set of G’ and S$’ U {v4} is a k-edge geodetic set of G’ 
so that by Theorem 1.2, eg,(G’) = |S’) +1 =a—1+1=a. Next, suppose that k > 5. Let 
T = {v0, U1, U2,---, Ub—a—1, U3, Wy 21; 22; +++; 2Za—4, Uk—3, UE}. Then T is the set of all k-extreme 
vertices and the ends of all k-extreme edges of G. It is clear that T is a k-edge geodetic set of 
G and so by Theorem 1.2, eg,(G) = |T| = 0. 

Let G’ be the graph obtained from G by adding a new vertex x and joining it to w. 
Then G’ has no k-extreme edges and T’ = {vp, 21, 22,---; Za—4, U, Zk—3, Uk} is the set of all 
k-extreme vertices of G’. Since T’ is a k-edge geodetic set of G’, it follows from Theorem 1.2 
that eg,(G’) = |T’| = a. Thus the proof is complete. 
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Abstract: A simple path cover of a graph G is a collection 7 of paths in G such that every 
edge of G is in exactly one path in w and any two paths in w= have at most one vertex in 
common. More generally, for any integer k > 1, a Smarandache path k-cover of a graph G 
is a collection w of paths in G such that each edge of G is in at least one path of w and 
two paths of ~ have at most k vertices in common. Thus if k = 1 and every edge of G is 
in exactly one path in w, then a Smarandache path k-cover of G is a simple path cover of 
G. The minimum cardinality of a simple path cover of G is called the simple path covering 


number of G and is denoted by 7;(G). In this paper we initiate a study of this parameter. 
Key Words: Smarandache path k-cover, simple path cover, simple path covering number. 
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§1. Introduction 


By a graph G = (V, E) we mean a finite, undirected graph with neither loops nor multiple edges. 
The order and size of G are denoted by p and q respectively. For graph theoretic terminology 
we refer to Harary [5]. All graphs in this paper are assumed to be connected and non-trivial. 


If P = (vo, U1, V2,---,Un) is a path or a cycle in a graph G, then v1, v2,...,Un—1 are called 
internal vertices of P and vo, vn, are called external vertices of P. If P = (vo, v1, v2,..., Un) and 
Q = (Un = Wo, W1, W2,---;Wm) are two paths in G, then the walk obtained by concatenating P 


and Q at vp, is denoted by PoQ and the path (Up, Un—1,.--, V2, U1, Vo) is denoted by P~!. Fora 
unicyclic graph G with cycle C, if w is a vertex of degree greater than 2 on C with deg w =k, 
let €1,€2,...,€%—2 be the edges of E(G) — E(C) incident with w. Let T;,1 <i< k— 2, be the 
maximal subtree of G such that T; contains the edge e; and w is a pendant vertex of T;. Then 
T,,T2,...,T—2 are called the branches of G at w. Also the maximal subtree T’ of G such that 
V(T)NV(C) = {w} is called the subtree rooted at w. 

The concept of path cover and path covering number of a graph was introduced by Harary 
[6]. Preliminary results on this parameter were obtained by Harary and Schwenk [7], Peroche 
[9] and Stanton et al. [10], [11]. 
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Definition 1.1((6]) A path cover of a graph G is a collection W of paths in G such that every 
edge of G is in exactly one path in wv. The minimum cardinality of a path cover of G is called 
the path covering number of G and is denoted by x(G) or simply 7. 


Theorem 1.2([10]) For any tree T with k vertices of odd degree, x(T) = 


wl 


Theorem 1.3(([7]) The path covering number of the complete graph Ky is given by m(Kp) = | 


ws 


iF 


For any real number x,|ax]| denotes the least positive integer > x. 
g 


Theorem 1.4([4]) Let G be a unicyclic graph with unique cycle C. Let m denote the number 
of vertices of degree greater than 2 on C. Let k denote the number of vertices of odd degree. 
Then 


2 ifm =0 
nG)=% $+1  ifm=1 
s otherwise 


Theorem 1.5([4]) For any graph G, 7(G) > [$]. 


The concepts of graphoidal cover and acyclic graphoidal cover were introduced by Acharya 
et al. [1] and Arumugam et al. [4]. 


Definition 1.6([1]) A graphoidal cover of a graph G is a collection w of (not necessarily open) 
paths in G satisfying the following conditions. 


(i) Every path in wW has at least two vertices. 

(ii) Every vertex of G is an internal vertex of at most one path in w. 

(iit) Every edge of G is in exactly one path in w. 

If further no member of w is a cycle in G, then W is called an acyclic graphoidal cover of G. 
The minimum cardinality of a graphoidal cover of G is called the graphoidal covering number of 


G and is denoted by n(G). Similarly we define the acyclic graphoidal covering number na(G). 


An elaborate review of results in graphoidal covers with several interesting applications 
and a large collection of unsolved problems is given in Arumugam et al.[2]. 

For any graph G = (V,EF), w = E is trivially an acyclic graphoidal cover and has the 
interesting property that any two paths in ~ have at most one vertex in common. Motivated 
by this observation we introduced the concept of simple acyclic graphoidal covers in graphs [3]. 


Definition 1.7([3]) A simple acyclic graphoidal cover of a graph G is an acyclic graphoidal 
cover W of G such that any two paths in w have at most one vertex in common. The minimum 
cardinality of a simple acyclic graphoidal cover of G is called the simple acyclic graphoidal 
covering number of G and is denoted by nNas(G) or simply nas. 


Definition 1.8 Let w be a collection of internally disjoint paths in G. A vertex of G is said to 


be an interior vertex of w if it is an internal vertex of some path in w, otherwise it is said to 
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be an exterior vertex of w. 


Theorem 1.9([3]) For any simple acyclic graphoidal cover w of a graph G, let ty, denote the 
number of exterior vertices of w. Lett = min ty, where the minimum is taken over all simple 


acyclic graphoidal covers w of G. Then jas(G) =q—ptt. 


Theorem 1.10([3]) Let G be a unicyclic graph with n pendant vertices. Let C be the unique 


cycle in G and let m denote the number of vertices of degree greater than 2 on C’. Then 


3 ifm=0 
n+2 ifm=1 
n+1 ifm =2 
n ifm>3 


Theorem 1.11((3]) Let m and n be integers with n >m> 4. Then 


mn—-—m—n eee 
Nas(Kmjn) = 
mn—-m—-n+r ifn=(3)+rr>0. 


In this paper we introduce the concept of simple path cover and simple path covering 
number 7, of a graph G and initiate a study of this parameter. We observe that the concept 
of simple path cover is a special case of Smarandache path k-cover [8]. For any integer k > 1, 
a Smarandache path k-cover of a graph G is a collection w of paths in G such that each edge 
of G is in at least one path of ~ and two paths of w have at most k vertices in common. Thus 
if k = 1 and every edge of G is in exactly one path in w, then a Smarandache path k-cover of 
G is a simple path cover of G. 


§2. Main results 


Definition 2.1 A simple path cover of a graph G is a path cover w of G such that any two 
paths in w have at most one verter in common. The minimum cardinality of a simple path 
cover of G is called the simple path covering number of G and is denoted by 7,(G). Any simple 
path cover w of G for which |w| = 75(G) is called a minimum simple path cover of G. 


Example 2.2 Consider the graph G given in Fig.2.1. 
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U1 v2 U3 


V4 


U6 U5 U7 Ug 
Fig. 2.1 


Then a = {(v1, v4, 07, Us), (U3, U4, U5, U6); (V2, V4), (V7, Us)} is a minimum simple path cover of G 
so that 75(G) = 4. 


Remark 2.3 Every path in a simple path cover of a graph G is an induced path. 


Theorem 2.4 For any simple path cover w of a graph G, letty = >> t(P), where t(P) denotes 
Pew 


the number of internal vertices of P and lett = maz ty, where the maximum is taken over all 
simple path covers w of G. Then 75(G) =q-t. 


Proof Let w be any simple path cover of G. Then 


q= » |E(P)I 


Pew 


= 0 (t(P) +1) 


Ped 

=|p|+ )0 t(P) 
Pew 

= |p| + ty 


Hence || = q — ty so that 75(G) =q-t. 


Corollary 2.5 For any graph G with k vertices of odd degree m,(G)=%+ YO 2 —t. 
vEV(G) 


Proof Sineegq=S+ > | the result follows. 
vEV(G) 


Corollary 2.6 For any graph G, 75(G) > f where k is the number of vertices of odd degree in 
G. Further, the following are equivalent. 
(i) ™s(G) = §. 
(it) There exists a simple path cover w of G such that every vertex v in G is an internal 


vertex of “4 “| paths in w. 


(it) There exists a simple path cover w of G such that every vertex of odd degree is an 
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external vertex of exactly one path in wW and no vertex of even degree is an external vertex of 


any path in w. 


Remark 2.7 For any (p,q)-graph G, 7,(G) < q. Further, equality holds if and only if G is 
complete. Hence it follows from Theorem 1.3 that 7;(K,,) = 7(,,) if and only if n = 2. 


Remark 2.8 Since any path cover of a tree T is a simple path cover of T, it follows from 
Theorem 1.2 that 7,(T’) = (I) = £, where k is the number of vertices of odd degree in T. 


We now proceed to determine the value of 7; for unicyclic graphs and wheels. 


Theorem 2.9 Let G be a unicyclic graph with cycle C. Let m denote the number of vertices 
of degree greater than 2 on C. Let k be the number of vertices of odd degree. Then 


3 if m=0 
a2 ifm=1 
Kit ifm=2 
2 


s ifm>3 


Proof Let C = (v1, v2,...,Ur, U1). 
Case 1. m=0. 

Then G = C so that 7,(G) = 3. 
Case 2. m=1. 


Let v; be the unique vertex of degree greater than 2 on C’. Let G, be the tree rooted at 
v,. Then G has k vertices of odd degree and hence 7,(G) = f Let w, be a minimum simple 
path cover of G1. 

If deg v; is odd, then degg, vi is odd. Let P be the path in 7 having v; as a terminal 
vertex. Now, let 

P, =Po (v1, V2) 


Pz = (v2, U3,..., Ur) and 

P3 = (u,, U1). 

If deg v1 is even, then degg, v1 is even. Let P = (41, %2,...,Up, V1, Up41,---,@s5) be a path 
in v, having v; as an internal vertex. Now, let 

P, = (#1, @2,..., Lp, V1, V2) 

Pz = (%5,Us-1,---,Ur41, V1, Vr) and 

P3 = (v2, U3,..-,Ur). 


Then 7 = {yw — {P}}U {Pi, Po, P3} is a simple path cover of G and hence 7.(G) < 
luy] +2 = f +2. Further, for any simple path cover w of G, all the k vertices of odd degree 
and at least two vertices on C’ are terminal vertices of paths in w. Hence t < q— & — 2, so that 
m(G)=q-t> +2. Thus 2,(G) = $ +2. 
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Case 3. m=2. 


Let v; and v;, where 2 <i <r, be the vertices of degree greater than 2 on C. Let P and 
Q denote respectively the (v1, v;)-section and (v;, v1 )-section of C. Let v; be an internal vertex 
of P(say). Let R; and Re be the (v1, v;)-section of P and (v;,v;)-section P respectively. Let 
G be the graph obtained by deleting all the internal vertices of P. 


Subcase 3.1 Both deg v, and deg v; are odd. 


Then both degg, v1 and degg, v; are even. Hence Gj is a tree with k — 2 odd vertices so 
that 7,(G)) = s —1. Let yy be a minimum simple path cover of G; . Then w = ¥1 U{Ri, Ro} 
is a simple path cover of G and |u| = £ + 1.Hence 7,(G) < £ +1. 


Subcase 3.2 Both deg v; and deg v; are even. 


Then degg, v1; and degg, v; are odd. Hence G; is a tree with k + 2 vertices of odd degree 
so that 7,(G1) = & +1. Let 7, be a minimum simple path cover of G. 

Suppose v; and v; are terminal vertices of two different paths in yw, say P,; and P2 respec- 
tively. Now, let 

Qi=PioR, 

Q2 = P20 Ry‘ and 

w ={d1 — {Pi, Po}} U {Qi, Qo}. 

Suppose there exists a path P, in v, having both v, and v; as its end vertices. Then let 
P, =Q. Let Pp be an u1-w, path in 7, having v; as an internal vertex and P3 be an ug-we2 path 
in v, having v; as an internal vertex. Let S; and Sy be the (uz, v1 )-section of Py and (wi, v1)- 
section of P2 respectively. Let S3 and Sy be the (wa, v;)-section of P3 and (we, v;)-section of P3 
respectively. Now, let 

Q1 = S10 Pio S5* 

Qo = S20 Ry 

Qs =Sror, and 

w ={di — {Pi, Po, P3}} U {Qi, Qe, Q3}. 

Then ~ is a simple path cover of G and |7)| = |¢1| = $ + 1 and hence 75(G) < 


ae al: 


bole> 


Subcase 3.3 deg v; is odd and deg v; is even. 


Then degg, v1 is even and degg, v; is odd. Hence G; is a tree with k vertices of odd degree 
so that 7,(G1) = 5. Let 7, be a minimum simple path cover of G;. Let P, be the path in 7, 
having v; as a terminal vertex. 

If E(P:) N E(Q) = 4, let 

Qi = Pio Ry? 
Q2 = R, and 
yp ={d1 — {Pit} U {Q1, Qo}. 

Suppose E(P,)N E(Q) 4 ¢. Since degg, v; > 3, there exists an uy-w; path in 1, say Py, 
having v; as an internal vertex. Let S; and Sp be the (w1, v;)-section of P2 and (wu, v;)-section 
of Pz respectively. Now, let 

= Pas, 

Q2 = S20 Ry" 
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Q3 = R, and 

» ={ti — {Pi, Po}} UV {Q1, Qe, Q3}. 

Then is a simple path cover of G and |7)| = |y1| +1 = £ +1. Hence 7,(G) < § +1. 

Thus in either of the above subcases, we have 7,(G) < & +1. Also, for any simple path 
cover w of G all the k vertices of odd degree and at least one vertex on C are terminal vertices 
of paths in a. Hence t << q—£-1, so that 7,(G) =q—-—t> E+. 

Hence 7,(G) = £ +1. 


Case 4. m>3. 


Let vj,,Vin,++-,Vig, Where 1 < %1 < ig <-+-+< ts < rand s > 3, be the vertices of degree 
greater than 2 on C. Let y;,, 1 < 7 < s, be a minimum simple path cover of the tree rooted 
at uj; Consider the vertices v;,,vj. and vj,. For each j, where 1 < j < 3, let P; be the 
path in y¥;, in which v;, is a terminal vertex if deg v;,; is odd, otherwise let P; be an uj-w; 
path in wy, in which v;, is an internal vertex and R; and S; be the (uj,v;,) and (w;,%, )- 
sections of P; respectively. Further, let P = (uj,,Vi,41,---, Vio), Q = (Vig, Vin41,+--, Vig) and 
R = (Vig; Vigti,- ++ 5 Viz): 

If deg v;,,deg vi, and deg vj, are even, let Q, = Ry 0 Po Ry', Qo = S20 Qo R;' and 
Q3 = S30 Ro S;". 

If deg v;,,deg vi, and deg uj, are odd, let Q; = Pi o P, Q2 = P20 Q and Q3 = P30 R. 

If deg v;,,deg vi, are odd and deg v;, is even, let Qi = Pio Po Py* , Q2 = R30 Q7! and 
Q3 = S30 R. 

If deg v;,,deg vi, are even and deg vu;, is odd, let Q; = Rio Po a, Qo = S,0Qo Pe 
and Q3 = Ro S{°. 

Then wy = (U Wi, — {Pr, Po, P3}) U {Q1, Q2, Q3} is a simple path cover of G such that 

j=1 


j= 
every vertex of odd degree is an external vertex of exactly one path in w and no vertex of even 


degree is an external vertex of any path in w. Hence 7,(G) = g. 


Corollary 2.10 Let G be as in Theorem 2.9. Then 75(G) = 7(G) if and only ifm > 3. 


Proof The proof follows from Theorem 2.9 and Theorem 1.4. 


We observe that there are infinite families of graphs such as trees and unicyclic graphs 
having at least three vertices of degree greater than 2 on C for which 7, = 7m and so the 
following problem arises naturally. 


Problem 2.11 Characterize graphs for which 1, = 7. 


Theorem 2.12 For a wheel W, = K, + Cyh_1, we have 


Proof Let V(W,,) = {vo, U1,---,Un—-1} and E(W,,) = {uopu,: 1 <i<n—-—1}U {ujuj41:1< 
i<n—2}U {uv,-1}. 
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Ifn = 4, then W,, = Ky and hence 7,(W,,) = 6. 


Now, suppose n > 5. Let r= | 4 
If n is odd, let 


P; = (Vi, V0, Ur+i), t= 1,2, ree Te 
Pray = (v1, V2, cee Ur); 
Pro = (01, Var, Var—1,+++5Up+2) and 


Pp43 = (ps Ur+1) Up+2): 
If n is even, let 


P; = (Uy, U6, Urbs); t= LZ rary 1. 
P, = (vo, V2r—1); 
Pad = (v1, V2, sek 5 De 5 


Prag = (v1, V9r—1ss+45 Ur41) and 


Pr+3 = (mis Ur, pin) 

Then w = {P,, Po,..., P43} is asimple path cover of W,,. Hence 7,(W,,) < r+3 = || +3. 
Further, for any simple path cover w of W,, at least three vertices on C = (v1, v2,--..,Un—1) are 
terminal vertices of paths in w. Hence t < q— § —3, so that 7,(W,) =q-t >4+4+3= || +3. 
Thus 7,(W,) = [3 +3. 


Remark 2.13 Since every simple acyclic graphoidal cover of a graph G is a simple path cover 
of G and every simple path cover of G is a path cover of G, we have 74, > 7; > m7. These 
parameters may be either equal or all distinct as shown below. For the graph G given in 
Figure 2, jas(Gi) = 7,75(Gi) = 6,7(Gi) = 5 and for the graph G2 given in Fig.2.2, we have 


Nas(G2) = 15(G2) = 7(G2) = 3. 


en Ge 
Fig.2.2 


Problem 2.14 Characterize graphs for which Nas = Ts = T. 


We now proceed to obtain some bounds for 7. 


Theorem 2.15 For any graph G, 7.(G) > eae Further, the following are equivalent. 
(i) 15(G) = [4]. 
(27) Nas(G) =A-1. 
(iti) G is homeomorphic to a star. 
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Proof Since 7, > 7, the inequality follows from Theorem 1.5. 


Suppose 7,(G) = [4]. Let w = {P\, Po,...,P,}, where r = [4] be a minimum simple 


path cover of G. Let v be a vertex of G with deg v = A. Then v lies on each P; and 
v is an internal vertex of all the paths in w except possibly for at most one path. Hence 
V(Pi) 1 V(P;) = {v}, for all i # 7, so that G is homeomorphic to a star. Obviously, if G is 


homeomorphic to a star, then 7,(G) = [4]. Thus (i) and (iii) are equivalent. Similarly the 


equivalence of (ii) and (iii) can be proved. 


Theorem 2.16 For any graph G, 75(G) > (Ci, where w is the clique number of G. 


Proof Let H be a maximum clique in G so that |E(H)| = (3). Let be a simple path 


cover of G. Since any path in w covers at most one edge of H, it follows that 7,(G) > (3). 


In the following theorem we characterize cubic graphs for which 7, = an 
Theorem 2.17 Let G be a cubic graph. Then m5(G) = ($) if and only if G = K4. 


Proof Let G be a cubic graph with 7,(G) = eae Clearly w = 3 or 4. Suppose w = 3. 
Then it follows from Corollary 2.6 that 7,(G) > § so that p = 6. Hence G is isomorphic to the 
cartesian product K3 x K2 and it can be shown that 7,(3 x K2) = 6 4 (3). Thus w = 4 and 


consequently G = K4. 


Problem 2.18 Characterize graphs for which ms(G) = (3). 


If A < 3, then every simple path cover of G is a simple acyclic graphoidal cover of G and 
hence tas(G) = 7.(G). However, the converse is not true. For the complete graph K,(p > 5), 


Ts = Nas Whereas A > 4. We now prove that the converse is true for trees and unicyclic graphs. 
Theorem 2.19 Let G be a tree. Then qNas(G) =7s(G) if and only if A < 3. 


Proof Let G be a tree with jas(G) = 75(G). 

Suppose A > 4. Let v be a vertex of G with deg v > 4. 

Let w be a minimum simple acyclic graphoidal cover of G. Let P, and P2 be two paths in 
w having v as a terminal vertex. Let Q = P, 0 1 Since G is a tree, Q is an induced path 
and hence ~ = (W — {Pi, P2}) U{Q} is a simple path cover of G with |y1| = || —1 = mas — 1 
so that 7,(G) < mas(G) — 1, which is a contradiction. Hence A < 3. 


Theorem 2.20 Let G be a unicyclic graph. Then nas(G) = 7s(G) if and only if A < 3. 


Proof Let G be a unicyclic graph with jas(G) = 2,(G). Let & denote the number of 
vertices of odd degree and n be the number of pendant vertices of G. 
It follows from Theorem 1.10 and Theorem 2.9 that k = 2n. Now, suppose A > 3. Then 


2g= >> degv+ S> degvu+ D> degv 


veV(G) veV(G) veV(G) 
deg v=1 deg v>1 deg v>1 
and is odd and is even 


>n+ 3(k—n) + 2(p—k) 


= 2p, 
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which is a contradiction. Hence A < 3. 


The above results lead to the following problem. 


Problem 2.21 Characterize graphs for which nas(G) = 75(G). 


In the following theorem we establish a relation connecting the parameters 7,4, and 7. 


Theorem 2.22 For any (p,q)-graph G, Nas(G) < m5(G)+q—p+n—§, where n and k respectively 
denote the number of pendant vertices and the number of odd vertices of G. Further, equality 


holds if and only if 73(G) = &. 


Proof Let w be a minimum simple path cover of G. Let i(v) denote the number of paths in 
w having v € V as an internal vertex. If i(v) > 2, let P;, where 1 <i < i(v), be the u;-w; path 
in w having v as an internal vertex and let Q; and R;, where 2 < i < i(v), respectively denote 
the (v, w;)-section and (v, u;)-section of P;. Let ~ be the collection of paths obtained from ~ 
by replacing P2, P3,..., Pic») by Q2,Q3,---,Qiv) and Ro, R3,..., Ryy) for every v € V with 
i(v) > 2. Then 7, is a simple acyclic graphoidal cover of G with |q1| =7s(G)+ > (¢(v)—1). 


vev 
i(v)>2 


Since i(v) < | “|, it follows that 


nas(G) <m(G) + DO ([“44] -1) 


vEeV 
deg v>4 


=7.(G)+ © |#$*|-@-n) 


vEeV 
deg v>2 


veV veVv 
deg v>2 deg v>2 
and is odd and is even 


=7(G)+ Y S*-S2+ YO Sy -ptn 


vEV vEV 


deg v>2 deg v>2 
and is odd and is even 


=m(G)+ y Se*-84+8-ptn 
dep os? 


=7,(G) + Sap tn. 
ve 


k 
=7,(G)+q-—p+n- 5. 


Thus tas(G) < 75(G)+q—p+n-—. Further, it is clear that nas(G) = 1s5(G)+q—p+n-—& 


if and only if there exist a minimum simple path cover w of G such that i(v) = |S 2 for all 


v €V. Hence it follows from Corollary 2.6 that jas(G) = 7s(G) +q—p+n- & if and only if 


k 
Ts = 3- 


Corollary 2.23 If7;(G) = f, then Nas(G) =q—ptn. 
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Proof Suppose 75(G) = g By Theorem 2.22, we have tas(G) < q—p+n. Hence it follows 
from Theorem 1.9 that jas(G) =q—-—p+n. 


Remark 2.24 The converse of Corollary 2.23 is not true. For example, Nas(K4,5) = q—p= 11, 
whereas m5(Ka,5) > 2 = 4. 
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Abstract: For any vertex u € V(G), let Ty(u) = {u} U {uvluv € E(G),v EC V(G)} U {ve 
V(G)|uv € E(G)} and f a total k—coloring on G. The total-color neighbor of a vertex wu of 
G is the color set Cy(x) = {f(x)|a € Tw(u)}. For any adjacent vertices x and y of V(G) 
such that Cy(x) # Cr(y), we refer to f as a k AVSDT-coloring of G (the abbreviation of 
adjacent-vertex-strongly-distinguishing total coloring of G). The AVSDT-coloring number of 
G, denoted by yas¢(G) is the minimal number of colors required for an AVSDT-coloring of G. 
A Smarandachely total coloring of a graph G is an AVSDT-coloring with |Cy(ax)\Cy(y)| > 2 
and |C';(y)\Cy(a)| => 2. In this paper, we calculate the AVSDT-coloring number of Sm+Wn. 


Keywords: Smarandachely total coloring, join graph, AVSDT-coloring number. 


AMS(2000): 05C15, 94C15. 
§1. Introduction 


Graph coloring is a very important part of graph theory!!!, Recently, the central part is to get 
the chromatic number of the relate coloring. While it is a NP-problem to get the relate chromatic 
number for most graphs. Now these vertex distinguishing edge coloring!!, adjacent-strongly 
edge coloring", D(@)-vertex distinguishing edge coloring"), adjacent-vertex-distinguishing total 


coloring!) 


, D(B)-vertex distinguishing total coloring!®l, vertex-distinguishing total coloring!”, 
adjacent-vertex-strongly-distinguishing total coloring!®), and a Smarandachely total coloring 
etc. for a graph, are becoming an interesting research objects for researchers coming from 


information or computer sciences. 


Definition 1.1'°] Let G(V,E) be a simple connected graph with |V(G)| > 3, k is a positive 
integer, f is a mapping from V(G) U E(G) to {1,2,--- ,k}. If f satisfies 

(1) for any wv € E(G), we have f(u) # fv), fu) # Fun) # F(0); 

(2) for any adjacent edges uv, uw € E(G)(v #w), we havef(uv) 4 f(uw); 

(3) for any edge wv € V(G), we have C(u) 4 C(v), 
where C(u) = {f(u)} U{f(v)|uw € E(G)} U {fluv)|uv € E(G)}, then f is called adjacent- 
vertex-strongly-distinguishing total coloring of G, denoted by k-AVSDTC of G for short, and 
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the number 
Xast(G) = min{k|k -AVSDTC of G} 
is called the AVSDT-number of G. 


Definition 1.2! For a graph G and H with V(G)NV(A) = 0, E(G)N E(H) =9, a new graph 
G+ H called the join of G and H is constructed by 


V(G +H) =V(G)UV(H), E(G + H) = E(G)U E(H)U {uv|u € V(G),v € VED}. 


We once presented a conjecture on the AVSDT-number of a simple connected graph in [8] 
following. 


Conjecture Let G(V,E) be a simple connected graph with V(G) > 3. Then xast(G) < 
n+ [logs] +1, where [logs] denotes the minimal integer not less than log}, and the equality 
holds if and only if G is a complete graph Ky with n = 2* — 2. 


For terminologies and notations not defined here, we refer to the reference [1]. 


§2. Main results 


Lemma 2.1 |) For a simple graph with no isolated edge, if uv € E(G) and d(u) = d(v) = A(G), 


then 


Xast(G) > A(G) + 2. 
Remark When min{m,n}<4, the AVSDTC-number of S,,, + W,, can be obtained easily. 


Theorem 2.2 Suppose min{m,n} > 5, then 
Xast (Sm =F Wr) =m+n+3. 


Proof We can know that if A(wo) = A(vwo) = m+n-+1, then Yast(Sm+Wnr) > m+n+3 by 
Lemma 2.1. In order to prove Xast(Sm + Wn) = m+n-+3, we only need to give a (m+n-+3)— 
AVSDTC — coloring of Sm+Wnp. Suppose V(Sm) = {us|t = 0,1,---,m}, E(Sm) = {uou|i = 
1,2,---,m},V(W,,) = {vi |i = 0,1,--- ,n}, B(W,) = {vovs|é = 1,2,--- rn} Ufvrive, veug,-++ ,Unvi}. 

Our discussion is divided into two cases by constructing the mapping f : V(G) U E(G) > 
{1,2,---,m+n+3}. 

Case 1. m>n>5 


In this case, define 


f(uo) = 1; f(ui) = 2,4 = 1,2,--- ,m; f(v;) =7+3,7 =0,1,--- 0: 
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f(uovj) =F + 2,97 =0,1,--- mn — 2; f(orn—-1) =mt+nt+1; f(uorn) =m +n + 2; 
f(uowi) =n +2+%,0=1,2,---,m—2; f(UoUm—1) = + 1; f(uoum) =n + 2; 
f(uivj) =t+7+3,i=1,2,---,m—1,7 =0,1,2,--- ,n—-2; 
f(uivj) =i+j+4,i=1,2,---,m—-4,j=n-1,n; 
f(Um-30n-1) = M+ N; f(Um—3Un) = 3; f(Um—2Un-1) = 3; f(Um—2n) = 4 
f (tm—1Un-1) = 4; f(Um-1Un) = 5; f(umvj) =mM+j+3,7 =0,1,---,n-3; 
f(UmUn—2) = 4; f(UmUn-1) = 5; f(Umtn) = 6 
f(vovj;) =m+j4+4,j =1,2,--- ,n—-—1; f(vovn) =1; f(vivn) =m+n4+3. 
For j = 1,2,--- ,n—1, if n = 0(mod2), then let f(vjvj41) = ee and if 
1, j =0(mod2) 
n = 1(mod2), then let f(vj;v;41) = fe d= 
2, j =0(mod2). 


We can find classes C by the construction f following. 


C(uo) = {1,2,---,m+n-+ 2}; 

C(ui) = {1,2,-++ ,n+it4},i=1,2,---,m—5; 

C(u;i) = {1,2,---,mt+n},i=m—4,m—3,---,m; 

C(vp) = {1,2,--- ,m+3,m+5,m+6,---,m+n+3};C(v1) = {1,2,---,m+5,m+n+3}; 
C(v) = {1,2,3,¢+ 2,144 3,---,m+i+2,m4+i4+3,m4+i+4},1=2,3,--- 2-3; 
C(vn_2) = {1,2,3,4,n,n+1,---,m+n,m+n+4 2}; 

C(vm_1) = {1,2,3,4,5,n+1n4+2,--,mtn—1mtnmtntlmtint3}: 


C(un) = {1, 2,3, 4,5,6,n+2,n+3,n4+5,n4+6,---,mtn,mt+n+2,m+n-+ 3}. 


Obviously, C(u) # C(v) for all the vertices in S,, + W,, for Vuv € E(Sim+W,). So 
Xast (Sm + W,) =m+n+3. 


Case 2. n>m>5 


Define f as follows in this case. 


f (uo) = 1; f(us) = 2,4 = 1,2,--- ,m; f(vj) = 5 +3,9 =0,1,--- , 0; 

f(uovs) =j7+2,7 =0,1,--- ,n— 2; f(uovn-1) = m+n+1; f(uovn) =m+n+ 2; 
f(uou;) =n +2+4+%,i=1,2,---,m— 2: f(uotm—-1) =n 41; f(uoUm) =n + 2; 

f(usvy;) =t+j7+3,i=1,2,---,m—2,7 =1,2,---,n-2; 

f(uv;) =i+j+4,i=1,2,---,m—-4,j =n-1,n; 

f(Um-3¥n-1) = m+n; f(Um—3Un) = 3; f(Um—2Un-1) = 35 f(Um—20n) = 45 

f(tm-10;) =n+24+ 9,7 =0,1,---,m—2; f(Um-1v;) =5+j-—m,j=m—1,m,--- ,n; 
f(tmv;) =nN+34+ 9,7 =0,1,---,m—3; f(umv;) =64+ 3 —m,j =m—2,m,--- yn. 
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For j = 1,2,---,n—1, if n = O(mod2), let f(vjvj41) = 


n = 1(mod2), then f(vj;v;41) = by 2 = Tino) 
2, j =0(mod2). 
When n — m = 1, define 
f(vovj) =m+j+4,j =1,2,--+,n-2: 
f(votn-1) = 2+ 1; f(vovn) = 1; f(vivn) =m +n + 3. 
When n—m > 2, define 


f(vov;) =m+j4+2,7 =1,2,--- n—m—1;f(votn-m) =mtnt+1,; 


f vovn—-m4i) = m+n-+ 2; f(vovj) =m4+j+2,j=n—m+2,n—m4+3,---,n—2; 
f(vovn-1) = mM+n+ 3; f(vovn) = 1; f(vivn) = m+ n+ 3, 


Then we know these classes C following by the definition of f. 


C(uo) = {1,2,---,m+n+ 2}; 

C(ui) = {1,2,---,n+i+4},2=1,2,---,m—5; 
C(u;) = {1,2,---,m+n},i=m—4,m-—3,---,m; 
C(up) = {1,2,---,m+nt+ 3}. 


In the case of n — m = 1, we find 
C 


v1) = {1,2,---,m+2,n+3,n+4,n+5,m+n+3}; 
Clv; 


vj) = {1,2,3,7+2,74+3,---,m+jt+1,n+j+2,n+j+3,n+4+4+j},i= 2,3,---,n—-4; 
Un—3) = {1,2,3,4,n—1,n—2,--+,m+n—2,2n—1,2n+1}; 


( 
( 
(n= 
(Un—2) = {1,2,3,4,5,n,n+1,---,m+n—1,m+n +3}; 

(Un—1) = {1,2,3,,5,6,n+1,n+2,---,m+n—l1,m+n,m4+n-+1}; 
C(vn) = {1, 2,3, 4,6,7,n+2,n4+3,n+5,n4+6,---,mtn,mtn+2,m+n-+ 3}. 

In the case of n — m > 2, we have 

C(v1) = {1,2,---,m4+3,n4+3,n+4,m+n + 3}. 

If n-m-1>m-3, then 

C(v;) = {1,2,3,74+2,74+3,---,m+j+2,n+97+2,n+ 943}, 7 =2,3,---,m—3; 
C(vm—2) = {1,2,3,4,m,m+1,---,2m—1,m+n,2m}; 

C(u;) = {1,2,3,9 + 2,7 +3,---,m4+j74+1,54+7-—m6+j—mm+j+2},j =m- 


1,m,---,n—-—m-—1,; 


C(vn—m) = {1,2,3,n—m+2,n—m+3,---,n+1,5+n—-—2m,6+n-—2m,m+n-+ 1}; 
C 
C 
C 


Un—-m+1) = {1,2,3,n-—-m+3,n—m+4,---,n+2,6+n-—2m,7+n-—2m,m+n+ 2}: 


( 
( 
( 
( 


Un—-1) = {1,2,3,n4+1,n4+2,---,mtn—1,m+n,mtnt+1,n+4—m,n+5—m,m+n4+3}; 


and if n-m+1<m-2, we get 
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C(un) = {1, 2,3, 4,n+2,n+3, n+5,n+6,---,m+n,n—m+5,n—m+6, m+n4+2,m+n+3}. 
If n-m-1<m-3, then we get 


C(v;) ={1,2,3,9 42,9 +3, ++ maj +2 n+9+2,n+79+3),9 = 2,3,+>- sn—m—I1; 


C(v;) = {1, 2,3, 7 2.) 3,--- gtmt+i1n+24+5n4+34+5,m+n4+1l},j=n-—m; 


C(vm—2) = {1,2,3,4,m,m+1,---,2m—1,m+n,2m}. 


Now ifn —m+1=m™-— 2, we know 


C(Um—2) = {1,2,3,4,m,m+1,---,2m—1,m+n,n+m + 2}; 


‘ 


and for other cases, we get 


Kast (Sm + W,,) =m+n+3. 


C(v;) = {1, 2,3, +2, j+3,-:- ,mt+j4 1,547 m,6+j m,m+j+2},j =m-—1,m,--- »n—2; 


C(vn-1) = {1,2,3,n4+1,n+2,-+-,m+n—1,m+n,m+n4+1,n+4—m,n+5—m,m+n4+3}; 


C(un) = {1, 2,3, 4,n4+2,n+3,n+5,n+6,---,m+n,n—m+5,n—m+6,m+n+2,m+n+3}. 
Finally, if nm —m — 1 =m — 3, we obtain 


C(v;) = {1,2,3,7 + 2,9 +3,--- sm+5+2,n+57+2,n+j4+3},7 =2,3,--- ,m— 3; 


C(vu;) = {1,2,3,4,7+2,794+3,---,jg+m4+1,n4+24+ j,n4+34+ j,mt+n+lh,j=n-—m,; 
C(u;) = {1,2,3,4,5,7+2,74+3,---,g+m+1,n+34+j,m4+n4+2},j=n-—m+l1,; 

C(u,;) = {1, 2,3, 7+2, 7+3,---,m+j+1,5+j—m,6+j—m, m+j+2}, j =n—m4+2,--- ,n—2; 
C(vn-1) = {1,2,3,n4+1,n4+2,---,mt+n—1,m+n,m+n+1,n+4—m,n+5—m,m+n4+3}; 


C(un) = {1, 2,3, 4,n+2,n+3,n+5,n+6,---,m+n,n—m+5,rn—m+6,m+n+2,m+n+3}. 


Obviously, C(u) #4 C(v) for all the vertices in S,, + W,, for Vuv € E(Sim+W,). So 
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Abstract: Classifying objects needs permutation groups in mathematics. Similarly, con- 
sideration should be also done for actions of multi-groups, i.e., permutation multi-groups. 
In this paper, we consider the action of multi-groups on a finite multi-set, its orbits, multi- 
transitive, primitive, etc. By choosing an element p in or not in a permutation group I’, define 
a new operation 0, enables us to finding permutation multi-groups. Considering such per- 
mutation multi-groups, some interesting results in finite permutation groups are generalized 


to permutation multi-groups. 
Key Words: Action of multi-group, permutation multi-group, representation, transitive. 
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§1. Introduction 


A bijection f : X — X is called a permutation of X. In the case of finite, there is a useful way 
for representing a permutation 7 on X, |X| =n by a 2 x n table following, 


Ty 2% ~~ In 


4 
I 


Yo Y2 "** Un; 


where, «;,y; € X anda; A 2;, yi A yj if i A Jj for 1 < 1,7 <n. For three sets X,Y and Z, 
let f : X — Y andh: Y — Z be mapping. Define a mapping ho f : X — Z, called the 
composition of f and h by 


for Vz € X. For example, let 


Ty 2 In 
T= , 
Yr Y2 Uns 
and 
Y1 Y2 are Yn 
S = 
41 22 88 * Sn, 
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Then 


XY ip) sae Bry Y1 Y2 see Yn Di 2 soe bis 


Yr Y2 "** Un; 41 22 "Sn; 41 22 7° ny 


It is well-known that all permutations form a group I(X) under the composition operation. 
For Vp € II(X), define an operation o, : II(X) x II(X) — II(X) by 
70,6 =ops, for Vo,¢ € I(X). 
Then we have 
Theorem 1.1 (II(X);0,) is @ group. 


Proof We check these conditions for a group hold in (II(X);0,). In fact, for Vr,0,>5 € W(X), 


(Tp a) ps = (TPO) ps = Tpaps 


= TP(7 pS) =T % (oops). 


The unit in (II(X);0,) is 1, = p~'. In fact, for VO € II(X), we have that p~! o, 0 = 
(i,9° =a, 
For an element o € H(X), og! = p-ta tp! = (pop) ?. In fact, 


0 Op (pop)~* = opp 


(pop) “o,o=p "oe *p po=p *=1 


Op* 


By definition, we know that (II(X);0,) is a group. 


Notice that if p = 1x, the operation o, is just the composition operation and (II(X); 0p) 
is the symmetric group Sym(X) on X. Furthermore, Theorem 1.1 opens a general way for 
constructing multi-groups on permutations, which enables us to find the next result. 


Theorem 1.2 LetT be a permutation group on X, t.e., 0 ~ Sim(X). For given m permutations 
P1,P2,°°*,Pm € T, (T;Op) with Op = {op,p € P},P = {pi,1 < i < m} is a permutation 
multi-group, denoted by G®. 


Proof First, we check that (T; {op,,1 <i < m}) is an associative system. Actually, for 
Yo,6,7 © and p,q © {p1, p2,--: ; Pm}, we know that 


(Tr Op a) Og S — (Tpo) Og S = Tpogs 


= tTp(c °q Ss) =T Op (o Og <). 
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Similar to the proof of Theorem 1.1, we know that (I;0,,) is a group for any integer 


1,1<i<m. In fact, 1, =p, 


; T and ey = (piopi)* in (Y; o»,). 


§2. Multi-permutation Representations 


The construction for permutation multi-groups shown in Theorems 1.1 — 1.2 can be also trans- 
ferred to permutations on vector as follows, which is useful in some circumstances. 


Choose m permutations p1,p2,°°* ;Pm on X. An m-permutation on « € X is defined by 


p™) : ¢ — (pi(x), po(2),--> ,Pm(z)); 
1.€., an m-vector on x. 


Denoted by I‘) (X) all such s-vectors p(™. Let o be an operation on X. Define a bullet 


operation of two m-permutations 


pe) = (p1, P2,° = Dn) 
our = (M1, 42," _ Mitre) 


on o by 


P') © Q() = (pi 0 qi, p2 © G2,°** ;Pm Om): 
Whence, if there are /-operations 0;, 1 < i < lon X, we obtain an s-permutation system II“) (X) 
under these J bullet operations e;, 1 <i < 1, denoted by (II)(X); ©), where ©) = {e;|1 <i< 


I}. 


Theorem 2.1 Any s-operation system (#, O) on H with units 1., for each operation 04,1 < 


i <8 inO is isomorphic to an s-permutation system (TI) (2); ©8). 


Proof For a € #, define an s-permutation o, € I) (.#) by 


a(t) = (001 @, 009 @,-++ ,005 2) 


for Va € #. 
Now let 7: # — II)(.#) be determined by 1(a) = o\*) for Va € H. Since 


Ja(1o,) = (a 04 log * 5G Oj-1 1o,,@,@ Oi41 Les "' GOs Liss) 


we know that for a,b € #, og # % if a £ b. Hence, 7 is a 1 — 1 and onto mapping. For 
Vi,l<i<sandV2r€ #, we find that 


n(ao;8)(2) = oaoa(a) 
= (a0;b0, 4,40; b02 4,-++ ,a0;,b0, x) 
= (40, 2,002 4,:+: ,a0, 2) ©; (BO, v, bog a,-++ bo, z) 


= 0q(x) e; n(x) = m(a) @; 7(b)(ax). 


114 Linfan Mao 


Therefore, 1(a 0; b) = x(a) e; 7(b), which implies that 7 is an isomorphism from (#, 0) 
to (II) (#); ©§). 


According to Theorem 2.1, these algebraic multi-systems are the same as permutation 


multi-systems, particularly for multi-groups. 
Corollary 2.1 Any s-group (#,O) with O = {0;|1 <i < s} is isomorphic to an s-permutation 
multi-group (II") (4); ©§). 


Proof It can be shown easily that (II‘)(#);%) is a multi-group if (#,O) is a multi- 


group. 
For the special case of s = 1 in Corollary 2.1, we get the well-known Cayley result on 


groups. 


Corollary 2.2(Cayley) A group G is isomorphic to a permutation group. 


As shown in Theorem 1.2, many operations can be defined on a permutation group G, 
which enables it to be a permutation multi-group, and generally, these operations 0;,1 <i<s 
on permutations in Theorem 2.1 need not to be the composition of permutations. If we choose 
all 0;,1 <i <-s to be just the composition of permutation, then all bullet operations in ©j{ is 
the same, denoted by ©. We find an interesting result following which also implies the Cayley’s 
result on groups, i.e., Corollary 2.2. 


Theorem 2.2 (1) (#);©) is a group of order (n!)! 


(n!—s)!" 


Proof By definition, we know that 


P©®)(x) © QO) (x) = (PiQi(z), PoQa(z),--- , PsQs(x)) 


for VP), Q&) € II)(#) and Va € #. Whence, (1,1,---,1) (J entries 1) is the unit and 
(P-)) = (P,', Py+,--- , Pr+) the inverse of P{&) = (P,, Py,--- , P,) in (II)(#);@). There- 
fore, (IIS) (#); ©) is a group. 

Calculation shows that the order of II") (#) is 


which completes the proof. 
§3. Action of Multi-group 


Let (a; 0) be a multi-group, where a = U 4, C= U O;, and X = (J X; a multi-set. An 
=1 


i=1 i=1 = 


action ip of (a; 0) on X is defined to be a homomorphism 


2: (FB) 98 
i=1 
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for sets P,, P2,--- , Pn > 1 of permutations, i.e., for Vh € 4, 1 <7 < m, there is a permutation 
y(h) : 2 — x" with conditions following hold, 


plhog) =9(h)plo)p(g), forh,g € H and oe Qj. 


Whence, we only need to consider the action of permutation multi-groups on multi-sets. 
Let = (#@;@) be a multi-group action on a multi-set X, denoted by ¥Y. For a subset A Cc X, 
x € A, we define 


a? ={a9|Vg eG} and @ ={g| 29 =2,9€G}, 


called the orbit and stabilizer of x under the action of Y and sets 


G@x={g|¢=2,9€8 for Vac A}, 


Gay={g|A%=A,gE¥Y for Vac A}, 
respectively. Then we know the result following. 
Theorem 3.1 Let I be a permutation group action on X and YP a permutation multi-group 
((; @p) with P = {pi, p2,-++ ,Pm} and p; €T for integers 1<i<m. Then 
(i) |GE| =\(G2)ella%* |, Va € X; 
(ii) for VA c X, ((GE)a,Op) is a permutation multi-group if and only if p; € P for 


l<i<m. 


Proof By definition, we know that 


(Fe y= Ty. and oe = gh 


for x € X and AC X. Assume that 2? = {2,22,--- , 2} with 29 = x;. Then we must have 


l 
P= Jory. 
i=1 


In fact, for VA ET, let 2” = 2y,1<k <m. Then x” = 7%, ie., ae = a. Whence, we get 
that hg, E€T,, namely, h € gpT x. 

For integers i, j,i A j, there are must be gP2Ngjl2 = (). Otherwise, there exist hy, hy € T, 
hah! 


such that gih1 = gjh2. We get that x; = v9 = «9 
Therefore, we find that 


= £95 = x,, a contradiction. 


Pp 
[9x = IP] = Pelle" | = (Gx ella |. 


This is the assertion (i). For (ii), notice that (2) =I and Tg is itself a permutation 


group. Applying Theorem 1.2, we find it. 


Particularly, for a permutation group [ action on Q, i-e., all pj = 1x for 1 <i< m, we 
get a consequence of Theorem 3.1. 
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Corollary 3.1 LetT be a permutation group action on Q. Then 
(i) |T| = |Palla"|, Va € 
(ii) forVA CQ, Ta is a permutation group. 


Theorem 3.2 Let T be a permutation group action on X and gE a permutation multi-group 
((; Gp) with P = {pi,p2,-++,Pm}, pi € T for integers 1 <i <m and Orb(X) the orbital sets 
of GP action on X. Then 


|Orb(X =a -2 |D( 


peg 


where ®(p) is the fixed set of p, t.e., ®(p) ={x e X|a? = x}. 


Proof Consider a set E = {(p,x) € YP x X|x? = x}. Then we know that E(p,*) = ®(p) 
and E(x,r) = (Y£),. Counting these elements in E, we find that 


dE ISO) = OG )e- 


pEegE rex 


Now let x;,1 < i < |Orb(X)| be representations of different orbits in Orb(X). For an 
P 
element y in aex , let y = x? for an element g € YP. Now ifh € (YP)y, ie, y” = y, 


then we find that (x?)" = x9. Whence, gts = = x;. We obtain that ghg~! € (YP),,, namely, 
hegi(GP)a,g. Therefore, (YP)y Cg H(GP) a: eee we get that (GP)., C g(x i me 
e., (GP)y = 9 1(GP)a,g- We know * (VF)y| = \(GP)x;| for any element in 2; es Astis 


oan )|. This enables us to obtain that 


d |2@) Ge 


pEeGe LEX 
|Orb(X)| 


i=1 ge 
y 


JOro(x)| 
> + bebe 
i=1 
|Orb(X)| 
S> |GE| = |Orv(xX)|1G2| 


i=l 


by applying Theorem 3.1. This completes the proof. 


For a permutation group I action on Q, i.e., all pj = 1x for 1 <7 < m, we get the famous 
Burnside’s Lemma by Theorem 3.2. 


Corollary 3.2(Burnside’s Lemma) LetT be a permutation group action on Q. Then 


Orb(Q O(g 


get 
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§4. Transitive Multi-groups 


A permutation multi-group YP is transitive on X if |Orb(X)| = 1, ie., for any elements z, y € X, 
there is an element g € Yf such that 29 = y. In this case, we know formulae following by 
Theorems 3.1 and 3.2. 


Pe] =|XI(Gx)ol and |¥el= YF |e) 


pEege 
Similarly, a permutation multi-group GP is k-transitive on X if for any two k-tuples 
(a1,¥2,-++, 2%) and (yi, y2,--+, Ye), there is an element g € ge such that x? = y; for any 
integer i,1 <i <k. It is well-known that Sym(X) is |X|-transitive on a finite set X. 


Theorem 4.1 Let T be a transitive group action on X and YP a permutation multi-group 
((; Gp) with P = {pi, p2,-++ ,Pm} and p; €T for integers 1<i<m. Then for an integer k, 
(i) ((;.X) is k-transitive if and only if (T,;X \ {x}) is (& — 1)-transitive; 
(ii) GE is k-transitive on X if and only if (GE)» is (k — 1)-transitive on X \ {x}. 
Proof If T is k-transitive on X, it is obvious that T is (kK — 1)-transitive on X itself. 


Conversely, if [, is (k — 1)-transitive on X \ {x}, then for two k-tuples (#1,v2,--+ ,v,) and 
(y1;Y2,°** + Yk), there are elements g1, g2 € T and h € T, such that 


Gi. «> g2 __ gi\h _ ,.g2 
cy =a, yf =a and (af')"=y9 


for any integer 17,2 <i<k. Therefore, 
-1 
ge yy, 1<id<k. 


We know that T is ‘k-transitive on X. This is the assertion of (2). 


By definition, YP is k-transitive on X if and only if I’ is k-transitive, ie., (YP). is (k —1)- 


transitive on X \ {x} by (i), which is the assertion of (#2). 


Applying Theorems 3.1 and 4.1 repeatedly, we get an interesting consequence for k- 
transitive multi-groups. 


Theorem 4.2 Let YP be a k-transitive multi-group and A c X with |A| =k. Then 
Ix 1 = |X[(|X]—1)---(X|-k + 1(Fx)al- 


Particularly, a k-transitive multi-group Y? with |¥?| = |X|(|X| —1)--- (|X| —k4+1| is 
called a sharply k-transitive multi-group. For example, choose T = Sym(X) with |X| = n, 
i.e., the symmetric group S, and permutations p; € S,;, 1 <7 < m, we get an n-transitive 
multi-group (S;,;@p) with P = {p1, po,--: , Pm}. 

Let I’ be a transitive group action on X and Y? a permutation multi-group ([; @p) with 
P = {pi,p2,::+,Pm},pi € T for integers 1 < i < m. An equivalent relation R on X is 
GP admissible if for V(x,y) € R, there is (79, y%) € R for Vg € YP. For a given set X and 
permutation multi-group YP, it can be shown easily by definition that 
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R=XxX or R={(a,x)|a © X} 


are YP-admissible, called trivially Yf-admissible relations. A transitive multi-group Y? is 
primitive if there are no Yf-admissible relations R on X unless R= X x X or R= {(a,x)|x € 
X}, ie., the trivially relations. The next result shows the existence of primitive multi-groups. 


Theorem 4.3 Every k-transitive multi-group GE is primitive if k > 2. 


Proof Otherwise, there is a Yf-admissible relations R on X such that R # X x X and 
R#{(a,x)|x € X}. Whence, there must exists (2, y) € R, x,y © X and xz 4 y. By assumption, 
GP is k-transitive on X, k > 2. For Vz € X, there is an element g € YP such that 29 = x 
and y? = z. This fact implies that (x,z) € R for Vz € X by definition. Notice that R is an 
equivalence relation on X. For Vz1, 22 € X, we get (21,2), (a, z2) € R. Thereafter, (21, 22) € R, 


namely, R = X x X, a contradiction. 


There is a simple criterion for determining which permutation multi-group is primitive by 


maximal stabilizers following. 


Theorem 4.4 A transitive multi-group YP is primitive if and only if there is an element x € X 
such that p € (GP), for Vp € P and if there is a permutation multi-group (H; @p) enabling 
(GP); Op) < (H; Op) x GP, then (H; Op) = ((GE)e; Op) or GP. 


Proof If (H;@p) be a multi-group with ((Yf).;O@p) < (H;@p) < YP for an element 
x € X, define a relation 


R={ (e7,2°") |g eG, heh }. 


for a chosen operation o € Op. Then R is a Yf-admissible equivalent relation. In fact, it 
is YP-admissible, reflexive and symmetric by definition. For its transitiveness, let (s,t) € R, 
(t,u) € R. Then there are elements gi, 92 € YF and hi, hz € H such that 


s= a, t= 90h t = 9, uy = 7 920h2 


Hence, gga og1oha — zr, ie, 99 0910h, © H. Whence, gy'og, 97°92 € H. Let g* = 1, 
h* = gy! ogzohg. We find that s = 27, u= 29°", Therefore, (s,u) € R. This concludes 
that R is an equivalent relation. 

Now if Yf is primitive, then R = {(2,x)|x € X} or R= X x X by definition. Assume 
R= {(a,x2)\z € X}. Then s = x9 and t = x9°" implies that s = t for Vg € YP and h € H. 
Particularly, for g = 1,, we find that 2” =x for Vh € H, ie., (H; Op) = ((GE)x; Op). 

If R= X x X, then (x,x/) € R for Vf € YP. In this case, there must exist g € YP and 
h €H such that x = 29,2 = 29°”. Whence, g € ((YF)x; Op) < (H; Op) and g-toh-tofe 
((GP)c; Op) < (H; @p). Therefore, f € H and (H; @p) = ((YF); Op). 

Conversely, assume R to be a ¥f-admissible equivalent relation and there is an element 
x € X such that p € (Yf)x for Vp € P, ((GP)x; Op) < (H; @p) < YP implies that (H; Gp) = 
(GP); Gp) or (GP); Op). Define 


H={he@e | (2,2") eR}. 
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Then (H; @p) is multi-subgroup of Yf which contains a multi-subgroup ((Y%)1; @p) by defi- 
nition. Whence, (H; Op) = ((Y£)2; @p) or YP. 

If (H; Op) = ((GP) 2; Cp), then x is only equivalent to itself. Since YP is transitive on X, 
we know that R = {(x,x)|~ © X}. 

If (H; Op) = Gf, by the transitiveness of Yf on X again, we find that R = X x X. 
Combining these discussions, we conclude that YP is primitive. 


Choose p = lx for each p € P in Theorem 4.4, we get a well-known result in classical 


permutation groups following. 


Corollary 4.1 A transitive group I is primitive if and only if there is an element « € X such 
that a subgroup H with TV, <~ H <T hold implies that H =T, orT. 


§5. Extended Permutation Multi-groups 


Let T' be a permutation group action on a set X and P Cc II(X). We have shown in Theorem 
1.2 that ([; @p) is a multi-group if P CT. Then what can we say if not allp € P are inT? For 
this case, we introduce a new multi-group (T: Op) on X, the permutation multi-group generated 
by P in T by 


T ={ 91 p, 92 Op, +++ Op, iti | 91 € Tp; € P, LS¢si i lay <7 fy, 


denoted by rs This multi-group has good behavior like YP, also a kind way of extending a 
group to a multi-group. For convenience, a group generated by a set S with the operation in T 
is denoted by (S)p. 


Theorem 5.1 Let T be a permutation group action on a set X and P CI(X). Then 
(i) (re) = (PT UP)», particularly, re = GF if and only if PCT; 
(it) for any subgroup A of T, there exists a subset P CT such that 


(Ax; Op) = (Tx). 
Proof By definition, for Va,b € T and p € P, we know that 


a,b = apb. 


Choosing a = b = 1p, we find that 


a,b = p, 


ie, [OC F. Whence, 


(UP), c Te). 


Now for Vg; € FP and pj € P, 1 <i<l4+1,1< 7 <1, we know that 
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G1 Op, 92 Cp, *** Op, Jl+1 = G1P192P2°** Pigi+1; 
which means that 
Te PUP p. 
Therefore, 
T= CUP 


Now if (T4) =@f, ie, (CUP), = I, there must be P CT. According to Theorem 1.2, 
this concludes the assertion (7). 
For the assertion (ii), notice that if P =I \ A, we get that 


(ak) = (AUP) =P 


by (i). Whence, there always exists a subset P C T such that 


(Ak; Op) = (TX). 


Theorem 5.2 Let T be a permutation group action on a set X. For an integer k > 1, there is 
a set PEI(X) with |P| <k such that (TX) is k-transitive. 


Proof Notice that the symmetric group Sym(X) is |X|-transitive for any finite set X. If 
I is k-transitive on X, choose P = § enabling the conclusion true. Otherwise, assume these 
orbits of T action on X to be Oy, Oo2,--- ,Os, where s = |Orb(X)|. Construct a permutation 
p €II(X) by 


p= (1, %2,° a ya), 
where x; € Oj, 1 <i < s and let P = {p} C Sym(X). Applying Theorem 5.1, we know that 
(TX) = ((U P)p is transitive on X with |P| = 1. 
Now for an integer k, if (r2) is k-transitive with |P,| < k, let O{,O5,--- ,O} be these 


orbits of the stabilizer cD) action on X \ {y1, y2,-+: , ye}. Construct a permutation 
Y1Y2°""Uk 


(Zi, 22,7 °° 121), 
where z; € Of, 1 < i < land let P, = P, U {q}. Applying Theorem 5.1 again, we find that 
(r%) is transitive on X \ {y1, y2,--:, Yn}, where |P2| < |Pi| +1. Therefore, (r%) is 
Y1Y2°''Uk 


(kK + 1)-transitive on X with |P2| <k&+1 by Theorem 2.5.7. 
Applying the induction principle, we get the conclusion. 


Notice that any k-transitive multi-group is primitive if k > 2 by Theorem 4.3. We have a 
corollary following by Theorem 5.2. 
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Corollary 5.1 LetT be a permutation group action on a set X. There is a set P € II(X) such 


that re is primitive. 
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If you would not forgotten as soon as you are dead, either write things worth 
reading or do things worth write. 


By Benjamin Franklin, an American Scientist. 
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